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Outline
» Adders
— Carry look ahead
» Shifters
« Multipliers
— Unsigned

— Signed: Booth’s algorithm
 Division
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Carry Look Ahead

a b cin a b cin [cout s
lll 000 | 00
001 01
ul 010 | 10
Adder 011 10
(FA) 100 | 01
101 10
ll 110 10
111 11

cout s

cout = ab + bcin + acin
=ab + (atb)cin

generator propagator
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Ripple Adder

A
A
A
A

FA<0 FA |«— FA |« FA |+— FA [+ FA |«*—

T

Long Critical Path

Waiting for this input to settle down
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Brute Force Approach

a6 b6
l l c5 = a5*h5 + b5*c4 + a5*c4
c6 +— FA c5 = a5*b5 + b5*(a4*b4 + b4*c3 + ad*c3) + ...
= a5*b5 + b5*a4*b4 + b5*b4*c3 + b4*ad*c3 + ...

}

and so on

= Sum of Product (SOP) expression of product
terms that are OR’d together.

Just two levels of gates to get ¢c5 BUT
its a very large network of gates
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Carry Look Ahead

a6 b6
l l c5 = a5*b5 + b5*c4 + a5*c4
= a5*b5 + (a5+b5)*c4
c6 +— FA c5 = generator + propagator*c4
=g5 + p5*c4

}

=05+ p5*(g4 + p4*c3)
=05 + p5*g4 + p5*p4*c3

and so on

=05 + p5*g4 + p5*pd*g3 + p5ipd*p3*g2 + ...
p5*p4*p3*p2*p1*p0*cO

Smaller circuit and 3 levels of gates
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Generators and Propagators

g5 g4 g3 g gl

LA D]

FA 0 FAl—FA «—FA [« FA |+—c0

R !

h

A
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Comparison

Brute Force Approach Carry Look Ahead

a5, a4, ..., al,

ab, a4, ..., al, b5, b4, ..., bl

26 b6 b5, b4, ..., b1, c0 !
‘!’ Generators
l l Two levels of and propagators
ANDs and
c5
Cc6 + <

FA an OR 26 b6

' 95,94,93,92,91,
l p5,p4,p3,p2,p1,cO
Two levels of
c5 ANDs and
an OR

A

c6 +— FA
)

Galen Sasaki EE 361 University of Hawaii 8




Carry Look Ahead (CLA)

82 ]2

FA FA FA FA FA

l ! ! ! !

CLA

~

Array of FAs
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Second Level Of Abstraction
AV

propagators and generators

pl, p2,...
gl, 92...

| super props and super gens |

P1, P2,...
G1, G2...

CLA

4-hit CLA J 4-hit CLA 4-hit CLA 4-hit CLA
Adder Adder Adder Adder
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Shifting
Right or left by one or more bit positions

Logical shift: shift in zero

— unsigned multiply/divide by 2 (for single bit
shift)

Rotate: shift in the bit that got shifted

out

Arithmetic shift

— Left shift = logical left shift

— Right shift = shift in (copy) sign bit

Galen Sasaki EE 361 University of Hawaii 11
Logical shift S t g
Left _ Multiply and divide
o i, Overflow and underflow
— are possible
Right

. Unsigned
— —>:| divide by 2 Arithmetic shift

Rotate ) Left

Left multiply by 2
Right

«—

O a—
LRy | e ’

B —
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MIPS Instructions

e sll $rl1,$r2,constant
— constant = shift amount (shamt)
— $r1 = $r2 << constant

e slr $r1,$r2,constant
— constant = shift amount (shamt)
— $r1 = $r2 << constant

Galen Sasaki EE 361 University of Hawaii 13

Hardware Shifters

rotat,é/
logical /’I A 4 A 4
0
\J" arith
o
\‘ oy S
Multiplexer Multiplexer Multiplexer
Left More
End :
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Multiple Shifts

Barrel shifter: it can shift or rotate an input

@

Controller: | Bit shifter |
Shift the ~
number | Bit shifter |
you need {}
then | Bit shifter |
no shift
AV
| Bit shifter |
~
Galen Sasaki EE 361 University of Hawaii
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Another Version: less stages

Multiple bit shifts can be done by wiring multiplexers

appropriately

@

Bit shifter by 1 bit

b0=1
| => shift

Controller: |

-

Determine |
shamt.

Bit shifter by 2 bits

b1=1
=> shift

Decode

-

into a binary|

Bit shifter by 4 bits

b2=0
=> no shift

number

-

b3 b2 bl bO |

Bit shifter by 8 bits

b3=1
=> shift

e.g.,
1011 =11

Galen Sasaki

&

Total shamt = 1+2+8 =11

EE 361 University of Hawaii
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Another Shifter: Crossbar

2x2 switch
(_j:/\A g
! —r—>
—%—§:>x<: )
Inputs )
Normal .-~
N } 2x2 switch
Outputs e >
How do we use this “Turn” l
to shift?
Galen Sasaki EE 361 University of Hawaii 17

Another Shifter: Crossbar

y3 y2 yl yO y3 y2 yl yO
px O O—
O
y3 y2 yl1 y0 y0 y3 y2 yl
y3 y2 yl1 y0 ‘ y3 y2 yl y|0
P o— ‘ ‘ @
©
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Another Shifter: Controller

y3 y2 yl1 yO
/
0 /
1
1 ; ///
shamt
Galen Sasaki EE 361 University of Hawaii 19
Multipliers

How do we do it by hand?
Combinational circuit multiplier

Unsigned multiplier
—Versions 1, 2, 3

What about signed numbers?
Booth'’s algorithm
Hardware

Galen Sasaki EE 361 University of Hawaii
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Doing it by hand: decimal #s

- Product
11001 <= Multiplicand
x 10111 <= Multiplier Lxd o x11001
+ 1 x10 x 11001
/ + 1 x100 x 11001
- + 0 x 1000 x 11001
Multiplier + 1 x 10000 x 11001
10111 =1 x 11001
-, 1 ﬁo +1x 110010
+ 1 x100 adds| + 1 X 1100100
+ 0 x 1000 + 0 X 11001000
+ 1 X 110010000
+ 1 x 10000 -
multiplying 0 or 1 _ < shifts
Galen Sasaki EE 361 University of Hawaii 21
Combinational Circuit
a3 a2 al a0 € Multiplicand = b0 x a3a2ala0
xb3b2b1b0 €= Multiplier + bl x a3a2alal 0

+ b2 X a3a2zala0 0 O
+ b3 x a3a2ala0 0 0 O

adds multiplying +— ghifts
Oor1l
Multiply & Add (M&A

a0

[, S . '
1\ \ \ \
Mult by @ @ @
Oor1l i .
«— FA |+=—{FA |“— FA |« FA [«—

e T T b

Galen Sasaki EE 361 University of Hawaii 22
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Combinational Circuit

aSlO azlo allO aflo
vWoovv 3
M&A (ALU) [—1bo
a3 a2 al a0 ial
i i JV ¢ A4 ur <- psaLrJtrlna
M&A (ALU) [ b1
a3 a2 al a0
¢ ¢ A 4 ¢ JV ¢v
M&A (ALU) [ b2
a3 a2 al a0
b4y dv W
M&A (ALU) — b3
I

Galen Sasaki

EE 361 University of Hawaii
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How big is the product

Let's say you multiply

n-bit number x m-bit number

Largest n-bit number =2"-1
Largest m-bit number =2M -1

Largest product = 2"M - 2N - 2M 4 7 < 2MM

Product can fit in n x m bits

Galen Sasaki

EE 361 University of Hawaii
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Sequential Circuit

shift register

a3 a2 al a0 € Multiplicand

= b0 x 0 0 0 a3a2alal

Xb3b2Dbl b0 <= Multiplier partial product

final product

+ bl x 0 _0_a3a2alal
partial product

+ b2 x 0_a3a2alal0 O
partial product

0

0

+ b3 x a3a2alad 0 0 0O

product is 8 bits

Galen Sasaki EE 361 University of Hawaii
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Sequential Circuit

a3 a2 al a0 € Multiplicand
X b3b2blb0 = Multiplier

left shift register

<

Multiplicand [0 0 0 0 a3a2alao |

right shift register 8

_

MEA (AL)
Multiplier *
8-bit product register

Galen Sasaki EE 361 University of Hawaii
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Sequential Circuit

0 0 0 0a3a2alal

shift + Multiplicand
left shift register |

b3 b2 bl b0
Multiplier

right shift reg

M&A (ALU)

v

8-bit product register

ready start

Galen Sasaki EE 361 University of Hawaii 27

load
(or hold
or clear)

(o]

Sequential Circuit: Controller

0 0 0 0a3a2alal

¥

Ready state

ready =1
prod = hold | multiplicand register |
mplier =x b3b2blb0

mcand = x

multiplier reg

»_ M&A (ALU)

v

Initialize Step 1 8-bit product register
ready =0 ready =0

prod = clear prod = load

mplier =load mplier = shift

mcand = load mcand = shift

Galen Sasaki EE 361 University of Hawaii 28
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Sequential Circuit: Controller

multiplicand register 0 0 0 0Dia3a2ala0l
product register 0O 0O0O0:00O0DO0
multiplicand register |0 0 0 a3a2alal 0 | doesn'
change
product register |0 0 0 x X X Xi- |
multiplicand register |0 0O:ia3a2alad0o0 |
product register |0 0 X X X X i- - |
multiplicand register |0 a3a2alad 0 0 O |
product register |0 X X X X - - - |
Galen Sasaki EE 361 University of Hawaii 29
a3 a2 alal | multiplicand register
|0 0000O0O0CO We need a prod reg that can
........................................................... shift and load simultaneously
| a3 a2 al a0 |

a3 a2alal

prod reg

| a3 az2alal

. | ALU can be

have half the
I widm

X X X X

_ | Prod Reqgister Operations

Galen Sasaki

L* product register

- load (only upper half)
| - right shift

EE 361 University of Hawaii 30
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Version 2

a3 a2alal

load

Multiplicand
or hold

b3 b2 b1 b0

right shift reg

shift
(or load)

M&A (ALU)

\Z

8-bit product register
shift&load y
ready Sstart

(or hold
Galen Sasaki EE 361 University of Hawaii 31

or clear)

Version 2

a3 a2alal

Ready state
ready =1
prod = hold
mplier =x
mcapd =X

multiplicand

b3 b2 b1 b0

multiplier reg

»_ M&A (ALU)

v

Initialize Step 1 product register
ready =0 ready =0
prod = clear prod = shift&load

mplier =load
mcand = load

mplier = shift
mcand = hold

Galen Sasaki EE 361 University of Hawaii 32
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Another Improvement

a3az2alal | Multiplier
0000000O0 | b3 b2 b1 bo

product
register

a3 a2alal
product

tegister |X X X X - 0 0 0 | 0 b3b2b1

o)
w
Q
N
Q
=
o)
o

product
register

o)
w
Q
N
Q
=
Q
o

product
register

Store
multiplier
in lower
half of
prod reg
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a3 a2 al a0
load Multiplicand
(or hold)
S MEA (ALV) 15 b2 b1 bo
_’ 8-bit product register
shift&load
tart or(?r:itr;glli(ie) Initialize:
ready star clear upper half
load multiplier in lower half
Galen Sasaki EE 361 University of Hawaii 34
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Version 3: Final

a3 a2alal

Ready state
ready =1
prod = hold

multiplicand

mcand = x

M&A (ALU)

v

Initialize Step 1 product register
ready =0 ready =0
prod =init prod = shift&load

mcand = load mcand = hold

Galen Sasaki EE 361 University of Hawaii 35

Signed Multiplication

» Unsigned multiplication doesn’'t work for
signed numbers

« Booth’s algorithm

— ALU (Multiply & ADD) must be able to
multply by -1 too (subtract)
* mult by 1: add
* mult by 0: do nothing
* mult by -1: sub

— Looks for strings of 1s in the multiplier

Galen Sasaki EE 361 University of Hawaii 36
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Strings of Os in multiplier

Example a3 a2 al a0

x1 000100

a3a2ala0 0O O

a3a2ala0 O O O O O O

many shifts, few adds

Galen Sasaki EE 361 University of Hawaii 37

Strings of 1s in multiplier

Example

adazala0 a3a2alad 0 0 0 0 0 O
x 0111100 - a3a2ala0 0 O
= OR

a3 a2 al a0
X - a3a2ala0 0 0
+1 000000 +a3a2ala0d 0 0 0 0 0 O
-000O0O1O0UO0O T

Right after Start of a run
arun
Galen Sasaki EE 361 University of Hawaii 38
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Example

b; b1 | operation
00111001111 -

00 nothing
0011100111 01 add
00111 00111 10 sub

ofo 1]1 100111 11 | nothing

-0 0000 0O 0a3a2ala0 b;_,-b; | operation
+0 0 0 0 0a3a2ala0 0 0 O -1 sub
+1 | add

-0 0 0a3a2ala0 0 0 0 O O 0 | nothing

+a3a2ala0 0 0 00 0 0O OO

Galen Sasaki EE 361 University of Hawaii 39

Hardware: modified ver. 3

a3 a2alal

Multiplicand

b, b, | operation

0 O | pass

bl GED) b3 b2 b1 b0 01| add
‘ + 10| sub
11| pass

8-bit product register

arithmetic shift&load
(or hold
or initialize)

«——Dbib,;

Galen Sasaki EE 361 University of Hawaii 40




Why it works for signed #s

n
axb Binary rep of b: b b ,.b, Vaue _p lzn-l.,.é b 2
10, N

(
i=0

Booth’s Algorithm ~ Product
j0 pass (b,-b) a 2 bl o
b..l'hz.:'.+1 add "'(bo'bl)' a” 2 +(2-2) b,
L.
Lsb g az T 2)h

+(bn—2_ bn—l)' a 2™
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Why it works for signed #s
axb  vaueofb: - bn_12”'1+nézbl2i
Product
=+2-2°) b, a
+22-2) n a

n-2 A
&b, 27 +3b2% a
e
o

i=0 [}
+ft-2m?) b, a =b"a

n-1- -
-2 b, a

Galen Sasaki EE 361 University of Hawaii 42
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Why it works for signed #s

n°-2 ]
axb  yayeofb: - bn_lZ”'l+a b2

Why? Check two cases = .
Casel: b ,=0 Case2: b, ,=1 i'colzob._12i'1 =2"- |y
n- 2 negative # o )
O+§Ob|2i b b b - o|=-2 +ia:0q_12 1
[ soorerst | [ o razts By 2
2" - ‘b{ — =0
Value of b value of b —_onl +i'<;°1_0b,_12"1
Galen Saseki
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Division

 How do we do it by hand?
e Hardware circuit

— Version 1

— Version 2

— Version 3

 Signed division

Galen Sasaki EE 361 University of Hawaii




Dividend
Divisor

Division

Dividend = Quotient x Divisor = Remainder

Remainder < Divisor

10011110001

quotient

-1001 smaller? yes then subtract: q=1
1101
-1001 smaller? no then don't sub: q=0
1101
-1001 smaller?yesthen subtract: q=1
/,1 00 ya
remainder least sig bit
Galen Sasaki EE 361 University of Hawaii 45
Division
Dividend
Divisor right shift register
Dividend
- Divisor0000

remaining dividend

- Divisor 000
- Divisor 00

- Divisor 0

- Divisor

remainder
Galen Sasaki

smaller? yes then subtract: q=1

no then don’t sub: q :iJ)

left shift reg

EE 361 University of Hawaii 46
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Hardware

Dividend
Divisor right shift reg e, n
Divisor0000 Remainder
load, sign
left shift reg or shift bit /
quotient ALUL J

quotient or pass

* Ready state
« Initialization state
« Dividing states

controller Substep a:
sub, check sign
Substep b
update rem reg
: o i store q bit
Galen Sasaki EE 361 University of Hawaii 47
Controller
« Step 1. Rem reg =rem reg - divisor reg
o Step 2.

—2a. ifrem>=0thenquoreg<--1

—2b. else (rem < 0)
* rem reg = rem reg + divisor reg (restore value)
e quoreg<--0

Step 3. Divisorreg >>1

Step 4. If repetition = 5 then STOP,
else go to Step 1

Galen Sasaki EE 361 University of Hawaii 48
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left shift reg or hold

Version 2

Dividend smaller by half to upper half

Divisor i Initially,
dividend

Remainder

Divisor

-

guotient

ALU
ST ,

quotient or pass

controller

Controller
« Step 1. Rem reg =rem reg - divisor reg
o Step 2.

—2a. ifrem>=0thenquoreg<--1

—2b. else (rem < 0)
* rem reg = rem reg + divisor reg (restore value)
e quoreg<--0

Step 3. Rem reg << 1(except last pass)

Step 4. If repetition = 5 then STOP,
else go to Step 1

One too many quotient bits

First pass won't produce a sub
Galen Sasaki EE 361 University of Hawaii 50
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Controller
Stepl. Remreg << 1

Step 2. Rem reg = rem req - divisor reg

Step 3.
—3a. ifrem>=0thenquoreg<--1
— 3b. else (rem < 0)
* rem reg = rem reg + divisor reg (restore value)
e quoreg<--0
Step 4. If repetition = 4 then STOP,
else go to Step 1

Galen Sasaki EE 361 University of Hawaii 51
to upper
Vi half
Dividend smaller by half N -
Divisor | Initially, n
dividend

Divisor

-

or hold

Remalinder

or pass

or shiftfeft

controller

quotient
bit

Galen Sasaki EE 361 University of Hawaii 52
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Controller

e Stepl. Remreg<<1
» Step 2. Rem reg = rem reg - divisor reg
» Step 3.

— 3a. ifrem >= 0 then

* ALU: pass through
» Rem register: shift in 1 (for quotient)

— 3b. else (rem < 0)
* ALU: rem reg = rem reg + divisor reg (restore value)
* Rem register: shift in O (for quotient)

Step 4. If repetition = 4 then STOP, else go to Step 2
Step 5. Shift left half of rem register by 1 bit

Galen Sasaki EE 361 University of Hawaii 53

Signed Division

Dividend/Divider
* Remember signs of dividend and divider
* Sign of quotient = “-" if sign dividend <> sign divider

* Sign of remainder?
* Sign of remainder = sign of dividend

Dividend = Quotient x Divider + Remainder

-7/+2 Quotient =-3 Remainder = -1
OR
Quotient =-4 Remainder = +1 ???

Galen Sasaki EE 361 University of Hawaii 54
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Floating Point

Sign-Magnitude arithmetic
Fixed point non-integer representation

Scientific notation
— Arithmetic

Floating point
IEEE floating point representation

— Arithmetic
— Minimizing errors
Galen Sasaki EE 361 University of Hawaii 55

Sign Magnitude

/ - D |SX| mX | |5YI mY
sign bit magnitude S,
mX<mY
Comparison Q mX=mY
w7 5 checksions
- l sX sY | [X<Y]
o X<Y 0 0 [mX<mY]
4 3 if signs are 0 1 Y
1 0 1
same then 1 1 | ~([mX<mY]+[mX=mY])

check magnitude

Galen Sasaki EE 361 University of Hawaii 56
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Sign Magnitude: Addition

if sX=sY
sign = don’t care
add/sub = add

if sX!I=sY && mX <mY
sign = sY
add/sub = sub

if sX!1=sY && mX >=mY
sign =sY
add/sub = sub

Galen Sasaki EE 361 University of Hawaii 57

Sign Magnitude: Multiplication

| le mX | | sYl mY |

if sX=sY
sign =0
if sX1=sY
sign=1

l

Galen Sasaki EE 361 University of Hawaii 58
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Fixed point non-integer

k=-m

n
— &2 k
t11'1t11-ZIIIt%){3{JD-2t1:3'"t1Iﬂ - Ea-ljk:z
binary point
Inconvenient for very small numbers or very large
numbers --- lots of digits.

Solution: scientific notation!

Galen Sasaki EE 361 University of Hawaii
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Scientific Notation

Binary
, 2 4
9.765" 10% 1.011" 22
/ \ exponent
one four digit always "1
digit significand s nE
(or mantissa) 1F 2
decimal /
point fraction

Galen Sasaki EE 361 University of Hawaii
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How do we represent in bits?

1.F" 2°F |
more important
bit string e f
m bits n bits
e = unsigned integer for E OEEE£2™-1

f = fractional part of significand

What if E can be negative? Use another
representation

E.g., choose
- m - - - m_l
E-e-pias =~ PasEEE£2"-1- bias bias=2
Galen Sasaki EE 361 University of Hawaii 61

Scientific Notation: Addition

Decimal Example

2.780° 10* +9.765" 10°

4 digits

Step 3: Normalize

_ 1.00430" 10"
Step 1: Adjust exponent of

smaller magnitude #
0.2780" 10° Step 4. Round to 4 digits

+9.765" 10° .
1.004" 10

Step 2: Add significands
0.2780" 10°

+9.765" 10°
@_0430' 10° 1 or 2 digits
w

Galen Sasaki EE 361 University of Hawaii 62
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IEEE 754 Standard
( 1F 2E-Bias

/ fraction of significand
hidden bit

IEEE 754 Single Precision (32 bits)

[s] E | i

> <
> <

| bias = 127

23

Example s=1

B E = 6+Bias = 133 (decimal) = 10000101
-1.10010" 2 F = 10010

Galen Sasaki EE 361 University of Hawaii
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IEEE 754 Standard
(- )1F DF- Bias

/ fraction of significand
hidden bit

IEEE 754 Double Precision (64 bits)

| S | E | F | bias = 1023
) 11 . 52 g
Example s=1
, g [E=6+Bias = 1029 (decimal) = 10000000101
-1.10010" 2 F = 10010
Galen Sasaki EE 361 University of Hawaii 64
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