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Outline

• Adders
– Carry look ahead

• Shifters
• Multipliers

– Unsigned

– Signed:  Booth’s algorithm

• Division
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Carry Look Ahead

Full
Adder
(FA)

a b cin

cout s

a  b  cin  cout  s
0  0  0         0  0
0  0  1         0  1
0  1  0         1  0
0  1  1         1  0
1  0  0         0  1
1  0  1         1  0
1  1  0         1  0
1  1  1         1  1

cout = ab + bcin + acin
        = ab + (a+b)cin

propagatorgenerator
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Ripple Adder

FAFA FAFA FAFA

Long Critical Path

Waiting for this input to settle down
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Brute Force Approach

FA

a6 b6

c5c6

c5 = a5*b5 + b5*c4 + a5*c4

     = a5*b5 + b5*(a4*b4 + b4*c3 + a4*c3) + ...
     = a5*b5 + b5*a4*b4 + b5*b4*c3 + b4*a4*c3 + ...

     and so on

     = Sum of Product (SOP) expression of product
         terms that are OR’d together.

Just two levels of gates to get c5 BUT
its a very large network of gates
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Carry Look Ahead

FA

a6 b6

c5c6

c5 = a5*b5 + b5*c4 + a5*c4
     = a5*b5 + (a5+b5)*c4
     = generator + propagator*c4
     = g5 + p5*c4

     = g5 + p5*(g4 + p4*c3)
     = g5 + p5*g4 + p5*p4*c3

     and so on

     = g5 + p5*g4 + p5*p4*g3 + p5*p4*p3*g2 + ...
              p5*p4*p3*p2*p1*p0*c0

Smaller circuit and 3 levels of gates
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Generators and Propagators

FAFA FAFA FAFA

g1

c0

g2g3g4g5
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Comparison

FA

a6 b6

c5
c6

a5, a4, ..., a1,
b5, b4, ..., b1, c0

Two levels of
ANDs and 

an OR

Brute Force Approach Carry Look Ahead

FA

a6 b6

c5
c6

a5, a4, ..., a1,
b5, b4, ..., b1

Two levels of
ANDs and 

an OR

Generators
and propagators

g5,g4,g3,g2,g1,
p5,p4,p3,p2,p1,c0
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Carry Look Ahead (CLA)

FA

CLA

FA

CLA

FA

CLA

FA

CLA

FA

CLA

Array of FAs

CLA

Galen Sasaki EE 361 University of Hawaii 10

Second Level Of Abstraction

4-bit CLA
Adder

4-bit CLA
Adder

4-bit CLA
Adder

4-bit CLA
Adder

propagators and generators
p1, p2,...
g1, g2...

super props and super gens

P1, P2,...
G1, G2...

CLA
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Shifting
• Right or left by one or more bit positions
• Logical shift:  shift in zero

– unsigned multiply/divide by 2 (for single bit
shift)

• Rotate:  shift in the bit that got shifted
out

• Arithmetic shift
– Left shift = logical left shift

– Right shift = shift in (copy) sign bit

Galen Sasaki EE 361 University of Hawaii 12

ShiftingLogical shift

0

0

Left

Right

Rotate

Left

Right

Arithmetic shift

0
Left

Right

Unsigned 
multiply by 2

Unsigned 
divide by 2

Signed 
multiply by 2

Signed 
Divide by 2

Multiply and divide
Overflow and underflow

are possible



7

Galen Sasaki EE 361 University of Hawaii 13

MIPS Instructions

• sll  $r1,$r2,constant
– constant = shift amount (shamt)

– $r1 = $r2 << constant

• slr $r1,$r2,constant
– constant = shift amount (shamt)

– $r1 = $r2 << constant
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Hardware Shifters

MultiplexerMultiplexer Multiplexer

Left
End

More

0

no
shift

right
shift

left
shift

logical

arith

rotate
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Multiple Shifts

Bit shifter

Bit shifter

Bit shifter

Bit shifter

Controller:
Shift the
number
you need
then
no shift

Barrel shifter: it can shift or rotate an input 
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Another Version:  less stages

Bit shifter by 1 bit

Bit shifter by 2 bits

Bit shifter by 4 bits

Controller:
Determine
shamt.
Decode
into a binary
number
b3 b2 b1 b0
e.g.,
1011 = 11

Multiple bit shifts can be done by wiring multiplexers 
appropriately 

Bit shifter by 8 bits

b0=1
 => shift

b1=1
 => shift

b2=0
 => no shift

b3=1
 => shift

Total shamt = 1+2+8 = 11
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Another Shifter:  Crossbar

Inputs

Outputs

2x2 switch

2x2 switch

Normal

“Turn”How do we use this
to shift?
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Another Shifter:  Crossbar
y3 y2 y1 y0

y3 y2 y1 y0

y3 y2 y1 y0

y0 y3 y2 y1
y3 y2 y1 y0

y1 y0 y3 y2

y3 y2 y1 y0

y2 y1 y0 y3
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Another Shifter:  Controller

y3 y2 y1 y0

1

shamt

0
1
2
3
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Multipliers

• How do we do it by hand?
• Combinational circuit multiplier
• Unsigned multiplier

– Versions 1, 2, 3

• What about signed numbers?
• Booth’s algorithm
• Hardware
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Doing it by hand: decimal #s

   11001
x 10111 Multiplier

Multiplicand

10111
=     1  x 1
   +  1  x 10
   +  1  x 100
   +  0  x 1000
   +  1  x 10000

Multiplier

       1  x 1         x 11001
   +  1  x 10       x 11001
   +  1  x 100     x 11001
   +  0  x 1000   x 11001
   +  1  x 10000 x 11001

Product

   =  1  x              11001
   +  1  x            110010
   +  1  x          1100100
   +  0  x        11001000
   +  1  x      110010000

shifts

adds

multiplying 0 or 1
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Combinational Circuit

   a3 a2 a1 a0
x b3 b2 b1 b0 Multiplier

Multiplicand    =  b0  x                 a3 a2 a1 a0
   +  b1  x            a3 a2 a1 a0  0
   +  b2  x       a3 a2 a1 a0  0   0
   +  b3  x  a3 a2 a1 a0  0   0   0

shiftsadds multiplying 
0 or 1

Multiply & Add (M&A)

b2

&

FA

a3

&

FA

a2

&

FA

a1

&

FA

a0

Mult by
0 or 1
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Combinational Circuit

M&A (ALU) b1

a3 a2 a1 a0

M&A (ALU) b0

a3 a2 a1 a0

M&A (ALU) b2

a3 a2 a1 a0

M&A (ALU) b3

a3 a2 a1 a0

0 0 0 0

partial
sum
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How big is the product

Let’s say you multiply

n-bit number x m-bit number

Largest n-bit number  = 2n - 1
Largest m-bit number = 2m - 1

Largest product = 2nm - 2n - 2m + 1 < 2nm

Product can fit in n x m bits 



13

Galen Sasaki EE 361 University of Hawaii 25

Sequential Circuit

   a3 a2 a1 a0
x b3 b2 b1 b0 Multiplier

Multiplicand
   =  b0  x   0   0   0  a3 a2 a1 a0
                       partial product

   +  b1  x   0   0  a3 a2 a1 a0  0
                       partial product

   +  b2  x   0  a3 a2 a1 a0  0   0
                       partial product

   +  b3  x  a3 a2 a1 a0  0   0   0
                        final product

shift register

product is 8 bits
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Sequential Circuit

   a3 a2 a1 a0
x b3 b2 b1 b0 Multiplier

Multiplicand

left shift register

8-bit product register

M&A (ALU)

0   0   0   0  a3 a2 a1 a0Multiplicand

b3 b2 b1 b0
Multiplier

right shift register

8

8
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Sequential Circuit

8-bit product register

M&A (ALU)

Multiplicand

b3 b2 b1 b0
Multiplier

8

0   0   0   0  a3 a2 a1 a0

left shift register

right shift reg

controller

load
(or hold
or clear)

shift
(or load)

shift
(or load)

startready
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Sequential Circuit:  Controller

8-bit product register

M&A (ALU)

b3 b2 b1 b0

0   0   0   0  a3 a2 a1 a0

multiplicand register

multiplier reg

Ready state
ready = 1

prod = hold
mplier  = x
mcand = x

start?

yes

no

Initialize
ready = 0

prod = clear
mplier  = load
mcand = load

Step 2
Step 3
Step 4

Step 1
ready = 0

prod = load
mplier  = shift
mcand = shift
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Sequential Circuit:  Controller
0   0   0   0  a3 a2 a1 a0multiplicand register

0   0   0   0   0   0   0   0product register

0   0   0  a3 a2 a1 a0  0multiplicand register

0   0   0   x   x   x   x   -product register

0   0  a3 a2 a1 a0  0  0multiplicand register

0   0   x   x   x   x   -   -product register

0  a3 a2 a1 a0  0   0   0multiplicand register

0   x   x   x   x   -    -    -product register

“-” =
doesn’t
change
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Improvement
a3 a2 a1 a0 multiplicand register

0   0   0   0   0   0   0   0

product register

a3 a2 a1 a0

0   0   0   x   x   x   x   -

a3 a2 a1 a0

0   0   x   x   x   x   -   -

a3 a2 a1 a0

0   x   x   x   x   -    -    - Prod Register Operations
- load (only upper half)
- right shift

ALU can be
have half the
width

We need a prod reg that can
shift and load simultaneously

prod reg

a3 a2 a1 a0

0   x   x   x   x   -    -    -
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Version 2

8-bit product register

M&A (ALU)

Multiplicand

b3 b2 b1 b0
Multiplier

4

a3 a2 a1 a0

right shift reg

controller

shift&load
(or hold
or clear)

shift
(or load)

load
(or hold)

startready

4
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Version 2

product register

M&A (ALU)

b3 b2 b1 b0

a3 a2 a1 a0

multiplicand

multiplier reg

Ready state
ready = 1

prod = hold
mplier  = x
mcand = x

start?

yes

no

Initialize
ready = 0

prod = clear
mplier  = load
mcand = load

Step 2
Step 3
Step 4

Step 1
ready = 0

prod = shift&load
mplier  = shift
mcand = hold
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Another Improvement
a3 a2 a1 a0

product
register 0   0   0   0   0   0   0   0 b3 b2 b1 b0

a3 a2 a1 a0
product
register x   x   x   x   -   0   0   0

a3 a2 a1 a0
product
register x   x   x   x   -    -    0   0

a3 a2 a1 a0
product
register x   x   x   x   -    -    -    0

Multiplier

 0  b3 b2 b1

 0   0  b3 b2

 0   0   0  b3

Store
multiplier
in lower
half of 
prod reg
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Version 3

8-bit product register

M&A (ALU)

Multiplicand

b3 b2 b1 b0

a3 a2 a1 a0

controller
shift&load

(or hold
or initialize)

load
(or hold)

startready
Initialize:
   clear upper half
   load multiplier in lower half
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Version 3:  Final

product register

M&A (ALU)

a3 a2 a1 a0

multiplicand

Ready state
ready = 1

prod = hold

mcand = x

start?

yes

no

Initialize
ready = 0
prod = init

mcand = load
Step 2
Step 3
Step 4

Step 1
ready = 0

prod = shift&load

mcand = hold
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Signed Multiplication

• Unsigned multiplication doesn’t work for
signed numbers

• Booth’s algorithm
– ALU (Multiply & ADD) must be able to

multply by -1 too (subtract)
• mult by 1:  add
• mult by 0:  do nothing
• mult by -1: sub

– Looks for strings of 1s in the multiplier
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Strings of 0s in multiplier

Example    a3 a2 a1 a0
x  1   0   0   0   1   0   0
 

a3 a2 a1 a0  0   0

a3 a2 a1 a0  0   0   0   0   0   0

many shifts, few adds
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Strings of 1s in multiplier
Example

     a3 a2 a1 a0
x   0   1   1   1   1   0   0

=
     a3 a2 a1 a0
x
[+  1   0   0   0   0   0   0
  -  0   0   0   0   1   0   0

a3 a2 a1 a0  0   0   0   0   0   0
-                   a3 a2 a1 a0  0   0

OR

-                      a3 a2 a1 a0  0   0
+ a3 a2 a1 a0  0   0   0   0   0   0

Start of a runRight after
a run
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Example
0   0   1   1   1   0   0   1   1   1

- 0   0   0   0   0   0   0   0  a3 a2 a1 a0

+ 0   0   0   0   0  a3 a2 a1 a0  0   0   0 

-  0   0   0  a3 a2 a1 a0  0   0   0   0   0 

+ a3 a2 a1 a0   0   0   0  0   0   0   0   0

bi bi-1 operation

0  0       nothing
0  1       add
1  0       sub
1  1       nothing

bi-1-bi operation

   -1       sub
   +1      add
    0      nothing

0   0   1   1   1   0   0   1   1   1

0   0   1   1   1   0   0   1   1   1

0   0   1   1   1   0   0   1   1   1
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Hardware:  modified ver. 3

8-bit product register

M&A (ALU)

Multiplicand

b3 b2 b1 b0

a3 a2 a1 a0

controller
arithmetic shift&load

(or hold
or initialize)

load
(or hold)

start

ready
bi bi-1

pass,
add,
or sub

bi bi-1 operation

0  0     pass
0  1     add
1  0     sub
1  1     pass
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Why it works for signed #s
a x b

Booth’s Algorithm

021 ...bbb nn −−
Binary rep of b:









−
+=−−

sub

add

pass

bb ii
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Why it works for signed #s
a x b

Product

Value of b:

( )
( )

( )
ab

ab

ab

ab

n
n

n
nn
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Why it works for signed #s
a x b Value of b:

01 =−nb

∑
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0

1
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n
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i
i

n
n bb

Why?  Check two cases

Case 1:

∑
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+
2

0

20
n

i

i
ib

Value of b

11 =−nbCase 2:

negative #

bn −2

021 ...bbb nn −−
is the unsigned 
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Division

• How do we do it by hand?
• Hardware circuit

– Version 1

– Version 2

– Version 3

• Signed division
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Division
Dividend
Divisor

Dividend = Quotient x Divisor = Remainder

Remainder < Divisor

1 0 0 1    1 1 0 0 0 1
             - 1 0 0 1
                     1 1 0 1
                - 1 0 0 1
                     1 1 0 1
                   - 1 0 0 1
                        1 0 0

smaller? yes then subtract:   q = 1

smaller? no then don’t sub:  q = 0

smaller? yes then subtract:  q = 1

quotient

least sig bitremainder
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Division
Dividend
Divisor

   Dividend
    - Divisor 0 0 0 0
 remaining dividend
       - Divisor 0 0 0

          - Divisor 0 0

             - Divisor 0

                - Divisor

smaller? yes then subtract:  q = 1
               no then don’t sub:  q = 0

remainder

right shift register

left shift reg
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Hardware
Dividend
Divisor

Divisor 0 0 0 0 Remainder

right shift reg

quotient

left shift reg
ALU

Initially, 
dividend

controller

quotient
bit

shift,
or hold

load,
or shift

sub
or pass

sign
bit

load 
or hold

• Ready state
• Initialization state
• Dividing states
      Substep a:

 sub, check sign
      Substep b
        update rem reg
        store q bit
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Controller
• Step 1.  Rem reg = rem reg - divisor reg
• Step 2.

– 2a.  if rem >= 0 then quo reg <-- 1

– 2b.  else (rem < 0)
• rem reg = rem reg + divisor reg (restore value)
• quo reg <-- 0

• Step 3.  Divisor reg >> 1
• Step 4.  If repetition = 5 then STOP,

else go to Step 1
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Version 2
Dividend
Divisor

Divisor Remainder

quotient

left shift reg
ALU

Initially, 
dividend

controller

quotient
bit

shift,
or hold

load,
or hold

sub
or pass

sign
bit

load,
hold,

or shift left

smaller by half to upper half
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Controller
• Step 1.  Rem reg = rem reg - divisor reg
• Step 2.

– 2a.  if rem >= 0 then quo reg <-- 1

– 2b.  else (rem < 0)
• rem reg = rem reg + divisor reg (restore value)
• quo reg <-- 0

• Step 3.  Rem reg << 1(except last pass)
• Step 4.  If repetition = 5 then STOP,

else go to Step 1
One too many quotient bits
First pass won’t produce a sub
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Controller
• Step 1. Rem reg << 1
• Step 2. Rem reg = rem reg - divisor reg
• Step 3.

– 3a.  if rem >= 0 then quo reg <-- 1

– 3b.  else (rem < 0)
• rem reg = rem reg + divisor reg (restore value)
• quo reg <-- 0

• Step 4.  If repetition = 4 then STOP,
else go to Step 1

Galen Sasaki EE 361 University of Hawaii 52

Version 3
Dividend
Divisor

Divisor Remainder

ALU

Initially, 
dividend

controller
quotient

bit

load,
or hold

sub
or pass

sign
bit

load,
hold,

or shift left

smaller by half

to upper 
half
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Controller
• Step 1. Rem reg << 1
• Step 2. Rem reg = rem reg - divisor reg
• Step 3.

– 3a.  if rem >= 0 then
• ALU:  pass through
• Rem register:  shift in 1 (for quotient)

– 3b.  else (rem < 0)
• ALU:  rem reg = rem reg + divisor reg (restore value)
• Rem register:  shift in 0 (for quotient)

• Step 4.  If repetition = 4 then STOP, else go to Step 2
• Step 5.  Shift left half of rem register by 1 bit
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Signed Division

Dividend = Quotient x Divider + Remainder

-7 / +2     Quotient = -3   Remainder = -1
                OR
                Quotient = -4   Remainder = +1 ???

Dividend/Divider
• Remember signs of dividend and divider
• Sign of quotient = “-” if sign dividend <> sign divider
• Sign of remainder?

• Sign of remainder = sign of dividend
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Floating Point

• Sign-Magnitude arithmetic
• Fixed point non-integer representation
• Scientific notation

– Arithmetic

• Floating point
• IEEE floating point representation

– Arithmetic

– Minimizing errors
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Sign Magnitude
021 ...bbb nn −−

sign bit magnitude

Comparison

+7        -5 check signs:
   “+” > “-”

-4        -3 if signs are 
same then
check magnitude

sX mX sY mY

-

mX-mY

mX<mY

mX=mY

X<Y
sX  sY          [X<Y]
 0    0         [mX<mY]
 0    1                0
 1    0                1
 1    1       ~([mX<mY]+[mX=mY])
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Sign Magnitude:  Addition

sX mX sY mY

mX<mY?

if sX = sY
    sign = don’t care
    add/sub = add

if sX != sY && mX < mY
    sign = sY
    add/sub = sub

if sX != sY && mX >= mY
    sign = sY
    add/sub = sub

0    1
0    1 0    1

ALUcontroller
bigger smaller

add/sub

sign
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Sign Magnitude:  Multiplication

sX mX sY mY

if sX = sY
    sign = 0
if sX != sY
    sign = 1

X



30

Galen Sasaki EE 361 University of Hawaii 59

Fixed point non-integer

∑
−=

−−−−−− =
n

mk

k
kmnn bbbbbbbb 2....... 321021

binary point

Inconvenient for very small numbers or very large
numbers --- lots of digits.

Solution:  scientific notation!
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Scientific Notation

210765.9 ×

one 
digit

four digit
significand

(or mantissa)

exponent

Binary
22011.1 ×

decimal
point

always “1”

EF 2.1 ×

fraction

exponent



31

Galen Sasaki EE 361 University of Hawaii 61

How do we represent in bits?
EF 2.1 ×

febit string

m bits n bits

more important

e = unsigned integer for E
f = fractional part of significand

What if E can be negative?   Use another
representation

E = e - bias

120 −≤≤ mE

biasEbias m −−≤≤− 12
E.g., choose 

12 −= mbias
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Scientific Notation:   Addition

01 10765.910780.2 ×+× −

4 digits

Decimal Example

0102780.0 ×

Step 1:  Adjust exponent of 
smaller magnitude #

Step 2:  Add significands

010765.9 ×+

0102780.0 ×
010765.9 ×+

0100430.10 × 1 or 2 digits

Step 3:  Normalize

11000430.1 ×

Step 4:  Round to 4 digits

110004.1 ×
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IEEE 754 Standard

( ) BiasES F −×− 2.11

fraction of significand

hidden bit

IEEE 754 Single Precision (32 bits)

S FE

8 23

bias = 127

Example

6210010.1 ×−

S = 1
E = 6+Bias = 133 (decimal) = 10000101
F = 10010
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IEEE 754 Standard

( ) BiasES F −×− 2.11

fraction of significand

hidden bit

IEEE 754 Double Precision (64 bits)

S FE

11 52

bias = 1023

Example

6210010.1 ×−

S = 1
E = 6+Bias = 1029 (decimal) = 10000000101
F = 10010


