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Abstract— We consider the following insurance problem:
our task is to predict finite upper bounds on unseen samples
of an unknown distribution p over the set of natural
numbers, using only observations generated i.i.d. from p.
While p is unknown, it belongs to a known collection P of
possible models. To emphasize, the support of the unknown
distribution p is unbounded, and the game proceeds for an
infinitely long time. If the said upper bounds are accurate
over the infinite time window with probability arbitrarily
close to 1, we say P is insurable.

We have previously characterized insurability of P by
a condition on the neighborhoods of distributions in P ,
one that is both necessary and sufficient. We examine
connections between the insurance problem on the one
hand, and weak and strong universal compression on the
other. We show that if P can be strongly compressed,
it can be insured as well. However, the connection with
weak compression is more subtle. We show by constructing
appropriate classes of distributions that neither weak
compression nor insurability implies the other.

Keywords: insurance, non-parametric approaches, pre-
diction, strong and weak universal compression.

Insurance is a means of managing risk by transfering
potential losses to an insurer, for a price, the premium.
The insurer attempts to break even by balancing the
possible loss that may be suffered by a few with the
guaranteed premiums of many. We aim to study the
fundamentals of this problem from a modern, universal
compression inspired viewpoint.

One radical point of departure of our approach from
prior work is motivated from the practice among insurers
to limit payments to a predetermined ceiling, even if
the loss suffered by the insured exceeds the ceiling.
In both the insurance industry and the legal regulatory
framework surrounding it, this is assumed to be com-
mon sense. However, as we have shown in a series of
papers [1], [2], it is not always necessary to impose such
ceilings. Moreover, in scenarios such as reinsurance, a
ceiling on compensation is not only undesirable, but also
limits the very utility of the business.

A second motivation for our approach arises in several
modern settings for which some sort of insurance is
desirable, but no viable scheme exists. For example,

insuring against network outages or attacks against future
smart grids, where the cascade effect of outages or at-
tacks could be catastrophic. Moreover, in these settings,
it is not even clear what should constitute a reasonable
risk model in the absence of usable information about
what might cause the outages. If we are going to model
these risks, how does one choose a class that is as
general as possible, yet, one on which the insurer can
set premiums to remain solvent?

A systematic, theoretical, as opposed to empirical,
study of insurance goes back to 1903 when Filip Lund-
berg [3] defined a natural probabilistic setting as part of
his thesis. In particular, Lundberg formulated a collec-
tive risk problem pooling together the risk of all the
insured. Typically, these approaches involve studying
the loss parametrically, using, for example, compound
Poisson processes as the class of risk models. A more
comprehensive theory of risk modeling has evolved [4],
[5] which incorporates several model classes for the loss
other than Poisson processes, and which also includes
some fat tailed distribution classes.

As mentioned, we deviate from old approaches in that
we allow the loss to be unbounded. Secondly, we take a
non-parametric approach borrowing on a universal com-
pression framework. To clarify, unbounded loss is not
just cosmetic—we do not impose any other restrictions
such as bounded entropy of distributions, or bounded
moments, or any assumptions that effectively leave us
with compact model spaces.

We use a probability measure on loss sequences to
model the loss. The model, i.e., the probability measure,
is unknown but assumed to belong to a known class
P of risk models. As mentioned before, we assume no
ceiling on the loss, requiring the insurer to compensate
the insured in full. This is clearly reminiscent of the
universal compression literature. For a given class of
probabilistic risk models, how should the premiums be
set so that the insurer compensates all losses in full, yet
remains solvent? If such schemes are possible, the model
class is said to be insurable.



The crux of insurability is this: we would like close
distributions to have comparable percentiles. In Section I,
we define what distributions are close, followed by what
distributions have “similar” percentiles. A condition that
is both necessary and sufficient is derived for P to be
insurable in [1], under the additional assumption that
all P contains i.i.d. measures whose marginals have
finite (but not necessarily uniformly bounded) spans. The
assumption of finite spans is jettisoned in [2], where
we establish that the condition in [1] is necessary and
sufficient for any collection of i.i.d. risk models to be
insurable.

The similarity of the framework we adopt for predic-
tion to the recent universal compression or Bayesian non-
parametric statistics literature is natural. In this paper, we
aim to formally characterize the hierarchy of the insur-
ance problem relative to well known characterizations of
compression—in other words, we ask whether different
versions of universal compressibility (see e.g., [6] for
definitions of strong and weak compressibility) implies
insurability or vice versa.

As one may expect, the most difficult problem turns
out to be strong compression [7] in the worst case. Strong
compressibility in the worst case implies insurability. On
the other hand, neither weak compressibility nor insur-
ability imply the other. There exist classes of models
that are weakly compressible but not insurable, while
some classes of models are insurable, but not weakly
compressible.

Related to the insurance problem is the pricing prob-
lem that several researchers [8], [9] have considered for
the Internet—these adopt, among other techniques, game
theoretic principles to tackle the problem.

I. CONDITIONS CHARACTERIZING INSURABILITY

We represent the loss at each time by numbers in
N = {0, 1, . . .}, and denote the sequence of losses
by X1, X2 . . . where Xi ∈ N. A loss distribution
is a distribution over N, and let P be a set of loss
distributions. P∞ is the collection of i.i.d. measures over
infinite sequences of symbols from N such that the set
of marginals over N they induce is P . We call P the set
of single letter marginals of P∞.

An insurer’s scheme Φ is a mapping from N∗ → R+,
and is interpreted in terms of the premium demanded
by the insurer from the insured after a loss sequence in
N∗ is observed. Note that Φ is supposed to work for all
models in P and has no information on the underlying
distribution other than through the samples from the
distribution.

The insurer can observe the loss for any (finite)
amount of time prior to entering the insurance game.
However, we require the scheme enters the game with
probability 1 no matter what loss model p ∈ P is in

force. The insurer has to keep setting finite premiums
from the point it enters. For convenience, we assume
Φ(xn) = ∞ on every sequence xn of losses on which
Φ has not entered.

We adopt an apparent simplification that involves no
loss of generality: at any stage if the insurer is surprised
by a loss bigger than the value of Φ set in that round,
the insurer goes bankrupt. As mentioned before, one then
sees the function Φ to represent the sum of total built
up past reserves of the insurer as well as the premium
to be set for the next round.

Definition 1. A class P∞ of measures is insurable if
∀ η > 0, there exists a premium scheme Φ such that ∀
p ∈ P∞,

p(Φ goes bankrupt ) < η

and if, in addition, for all p ∈ P∞,

p( lim
n→∞

min
1≤j≤n

Φ(Xj) <∞) = 1. 2

In Theorem 1, we provide a condition on P that is
both necessary and sufficient for insurability.

A. Close distributions

Insurability of P∞ depends on the neighborhoods
of the probability distributions among its single letter
marginals P . The relevant “distance” between distribu-
tions in P that decides the neighborhood is

J (p, q) = D

(
p||p+ q

2

)
+D

(
q||p+ q

2

)
.

B. Cumulative distribution functions

In this paper, we phrase the notion of similarity in span
in terms of the cumulative distribution function. Note
that we are dealing with distributions over a discrete
(countable) support, so a few non-standard definitions
related to the cumulative distribution functions need to
be clarified.

For our purposes cumulative distribution function of
any distribution p is a function from R→ [0, 1], and will
be denoted by Fp. We obtain Fp by first defining Fp on
points in the support of p and the point at infinity. We
define Fp for all other points by linearly interpolating
between the values in the support of p.

Let F−1
p (1) be the smallest number y such that

Fp(y) = 1, and let F−1
p (x) = 0 for all 0 ≤ x < Fp(0).

If p has infinite support then F−1
p (1) = ∞. Note that

for 0 ≤ x ≤ 1, F−1
p (x) is now uniquely defined.

C. Necessary and sufficient conditions for insurability

Existence of close distributions with very different
spans is what kills insurability. A scheme could be
“deceived” by some process p ∈ P∞ into setting low
premiums, while a close enough distribution lurks with



a high loss. The conditions for insurability of P∞ are
phrased in terms of its single letter marginals P .

Formally, a distribution p in P is deceptive if ∀
neighborhoods εp > 0, ∃ δ > 0 so that no matter what
f(δ) ∈ R is chosen, ∃ a (bad) distribution q ∈ P such
that

J (p, q) ≤ εp

and
F−1
q (1− δ) > f(δ).

In the above definition, f(δ) is simply an arbitrary
number. However, it is useful to think of this number
as the evaluation of a function f : (0, 1) → R at δ,
particularly when thinking of the contrapositive of the
definition as below. Equivalently, a distribution p in P
is not deceptive if ∃ neighborhood εp > 0, such that ∀
δ > 0, ∃ f(δ) ∈ R, such that all distributions q ∈ P
with

J (p, q) ≤ εp

satisfy
F−1
q (1− δ) ≤ f(δ).

Theorem 1. P∞ is insurable, iff no p ∈ P is
deceptive.
Proof See [2]. 2

II. COMPRESSION AND INSURABILITY

A. Strong compression

We first clarify a few salient points about strong
compressibility. To explore its connections with insura-
bility, we begin with an example showing that we should
expect insurability to be a strictly weaker condition than
strong compressibility. Namely, there exist distribution
classes that can be insured, but not strongly compressed.
We then further resolve the connection by showing in
Theorem 2 that strong compressibility does indeed imply
insurability.

We say that a collection P of distributions over N is
strongly compressible in the worst case if

R
def= inf

q
sup
n∈N

sup
p∈P

log
p(n)
q(n)

<∞,

where the outer inf is over all distributions q over N.
Following Shtarkov’s well known argument [7], if R <
∞, then the inf can be replaced by min and the worst
case optimal distribution q∗ assigns probabilities

q∗(n) =
supp∈P p(n)∑

n′≥0 supp∈P p(n′)

and, in addition,

R = log
∑
n′≥0

sup
p∈P

p(n′).

While we will not prove Shtarkov’s well known result
above, we note that the reader can easily verify that for
all distributions q and all numbers N , there exists some
number n ≤ N such that

log
supp∈P p(n)

q(n)
≥ log

∑
n′≤N

sup
p∈P

p(n′).

Hence for all distributions q over N,

sup
n∈N

log
supp∈P p(n)

q(n)
≥ log

∑
n′∈N

sup
p∈P

p(n′).

The distribution q∗ achieves equality the lower bound in
the above equation.

Consider U , the collection of all uniform distributions
over a finite support of form {m, . . . ,M}, with m and
M being arbitrary. Let the losses be sampled i.i.d. from
one of the distributions in U—call these processes U∞.

Example 1. U∞ is insurable.
Proof If the threshold probability of ruin is η, set the
premiums Φ as follows. For all sequences x with length
≤ log 1

η + 1, Φ(x) = ∞. For all sequences longer than
log 1

η +1, the premium is twice the largest loss observed
thus far. It is easy to see this scheme is bankrupted with
probability ≤ η. 2

On the other hand, it can be easily verified that U is
not strongly compressible.

Theorem 2. If a collection P of single letter distribu-
tions over N is strongly compressible in the worst case,
then P∞ is insurable.
Proof The crux of the proof lies in the fact that for all
p ∈ P ,

q∗(n) ≥ p(n)
2R

,

where q∗ is the worst case optimal distribution for P as
defined above. This implies that for all p ∈ P ,∑

n′≥N

p(n) ≤ 2R
∑
n′≥N

q∗(n)

It therefore follows that for all δ and for all p ∈ P

F−1
p (1− δ) ≤ F−1

q∗ (1− δ/2R),

implying that the class P is insurable. 2

B. Weak compression

Unlike with strong compression, the connection with
weak compression is not as clear cut. On the one hand,
in Section II-B.1 we first show two examples (N∞ in
Example 2 andM∞ in Example 3 below) of distribution
classes that are weakly compressible but not insurable.
At the same time, we construct a distribution class
I in Section II-B.2 that is insurable but not weakly
compressible.



Recall that a class P∞ of stationary ergodic measures
on N∞ is defined to be weakly compressible if there is
a measure q on N∞ that satisfies for all p ∈ P∞,

lim
n→∞

1
n

Ep log
1

q(Xn)
= lim
n→∞

1
n

Ep log
1

p(Xn)
,

where Xn are sequences of natural numbers from p. The
term on the right is the entropy rate of p. In particular,
it can be shown that the above definition is equivalent
to the more commonly used definition from [6], which
uses a sequence qi : i ≥ 1 of distributions (qi over
length-i sequences) in the left limit. See, e.g., [10], for
the connection.

In other words, the expected codelength of length-n
sequences using the distribution induced by q converges
pointwise to the entropy rate over the class P∞. Kieffer
proved [6] that P∞ is weakly compressible iff there
exists a countable set Q = {q1, q2, . . .} of (single letter)
distributions over N such that for all p ∈ P∞ with finite
entropy rate, there exists some distribution qp ∈ Q such
that

Ep log
1

qp(X1)
<∞,

where as before, X1 is a number chosen from the distri-
bution p. The following corollary of Kieffer’s condition
will be useful for our proofs.

Corollary 3. If class P∞ of measures over N∞ is
weakly compressible, then there exists a distribution q
over N such that for all p ∈ P∞ with finite entropy rate,

Ep log
1

q(X1)
<∞.

Proof From Kieffer’s theorem, we can find a set Q of
single letter distributions over N such that for all p ∈ P∞
with finite entropy rate and some qp ∈ Q

Ep log
1

qp(X1)
<∞.

Consider the following distribution q over N, that assigns
probability

q(n) =
∑|Q|
i=1 qi(n)/i2∑|Q|
i=1 1/i2

,

where the upper limit of summation is understood to be
∞ if Q is countably infinite. The corollary follows by
noting that for all i and for all n,

q(n) ≥ 6qi(n)
π2i2

. 2

1) Weakly compressible but not insurable: We con-
sider two examples of distribution classes that are weakly
compressible but not insurable.

For our first example, we consider the set N∞ is the
class of i.i.d. processes whose single letter marginals
have finite moment. Namely, ∀p ∈ N∞, EpX1 <∞.

Clearly N∞ is weakly compressible. Consider the
following q(n) = 1/2n. Now, q has the property that
for all p ∈ N∞,∑

n≥1

p(n) log
1

q(n)
=
∑
n≥1

np(n) <∞

where the last inequality follows from the definition of
N∞.

Example 2. N∞ is not insurable.
Proof Note that the loss measure that puts probability
1 on the all-0 zero sequences exists in N∞. Since we
consider only schemes that enter with probability 1 no
matter what p ∈ N∞ is in force, every insurer must
therefore enter after seeing a finite number of zeros.
Consider any scheme, and denote the premiums charged
at time i by Φ(Xi).

To show that N∞ is not insurable, we show that ∃η >
0 such that no matter what the scheme Φ, ∃p ∈ N∞ such
that

p( Φ goes bankrupt ) ≥ η.

Suppose the scheme enters the game after seeing N
losses of size 0. Fix δ = 1 − η. Let ε be small enough
that

(1− ε)N > 1− δ/2,

and let M be a number large enough that

(1− ε)M < δ/2.

Note that since 1−δ/2 ≥ δ/2, N < M . Let L be greater
than any of premiums charged by Φ for the sequences
0N , 0N+1, . . . 0M . Let p ∈ N∞ satisfy, for all i,

p(Xi) =

{
1− ε if Xi = 0
ε if Xi = L.

For the process p, the insurer is bankrupted on all
sequences that contain loss L in between the N ′th and
M ′th step. The sequences in question have probabilities
(under p)

(1− ε)N ε, (1− ε)N+1ε, . . . , (1− ε)N+M−1

and they also form a prefix free set. Therefore, summing
up the geometric series and using the assumptions on ε
above,

p( Φ is bankrupted ) ≥ 1− δ/2− δ/2 = η. 2

One can actually verify that every distribution in N∞
is deceptive.

For our second example, we consider the collection
of all monotone sources. A monotone distribution on
numbers satisfies for all i, probability of i ≥ probability
of i+ 1. Let M∞ be the set of all i.i.d. loss processes,
whose marginal distribution is from M, the collection
of all monotone distributions over N.



The class of monotone distributions is again weakly
compressible. To see this, note that since for all p ∈M
and all numbers n,

p(n) ≤ 1
n
,

it follows that every p ∈ M with finite entropy must
satisfy ∑

n≥1

p(n) log n ≤
∑
n≥1

p(n) log
1

p(n)
<∞.

Now consider the distribution q over N assigning prob-
abilities q(n) = 6

π2n2 . The equation above now implies
that for all p ∈M with finite entropy,∑

n≥1

p(n) log
1

q(n)
<∞.

It can be shown from Theorem 1 that

Example 3. M∞ is not insurable. 2

Again, it is easily shown that every distribution inM
is deceptive.

2) Insurable but not weakly compressible: In order
to find i.i.d. measures that are insurable but not weakly
compressible, we construct a class I of distributions over
N. As with other classes, I∞ is the set of i.i.d. measures
formed whose single letter marginals are I.

To do so, first partition the set of natural numbers into
the sets Tk, where T1 = [2] = {1, 2} and

Tk = [2k+1 − 2]− ∪k−1
j=1Tj for k ≥ 2.

Note that |Tk| = 2k. Now, I is the collection of all
possible distributions that can be formed as follows. For
all i ≥ 1, we pick exactly one element of Ti and assign it
probability 6/(π2i2). Note that I is not countable. Part
of the rationale behind this construction is that for all
p ∈ I, ∑

n≥2k−2

p(n) =
6
π2

∑
i≥k

1
i2
,

namely, all tails are uniformly bounded over the class I
to ensure insurability.

Put another way, for all δ > 0 and all distributions
p ∈ I,

F−1
p (1− δ) ≤ 2k(δ) − 2

where k(δ) is the smallest number such that

δ >
6
π2

∞∑
k(δ)

1
i2
.

We therefore have the following Corollary.

Corollary 4. The set I∞ of measures is insurable.
2

On the other hand, I∞ is not weakly compressible.

Lemma 5. The set I∞ of measures is not weakly
compressible.
Proof Suppose q is any distribution over N. We will
show that ∃p ∈ I such that∑

n≥1

p(n) log
1

q(n)

is not finite. Using the contrapositive of Corollary 3, we
conclude that I∞ is not weakly compressible.

Consider any distribution q over N. Observe that for
all i, |Ti| = 2i. It follows that for all i there is xi ∈ Ti
such that

q(xi) ≤
1
2i
.

But by construction, I contains a distribution p that
assigns to each xi above the probability

p(xi) =
6

π2i2
.

Note that the KL divergence from p to q is not finite.
The Lemma follows. 2
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