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Abstract

Insurance transfers losses associated with risks to the insurer for a price, the premium. Con-
sidering a natural probabilistic framework for the insurance problem, we derive a necessary and
sufficient condition on loss models such that the insurer can use the premiums she sets to remain
solvent despite the losses taken on.

Insurance is a way of managing losses associated with risks—for example, floods, network outages,
and earthquakes—primarily by transfering risk to another entity—the insurer, for a price, the premium.
The insurer attempts to break even by balancing the possible loss that may be suffered by a few (risk)
with the guaranteed payments of many (premium).

In 1903, Filip Lundberg [1] defined and formulated this scenario in its natural probabilistic setting
as part of his thesis. In particular, Lundberg formulated a collective risk problem pooling together the
risk of all the insured. There is an underlying risk model—a probability measure on loss sequences.
Typically, the model itself is unknown, but can be imagined to belong to a known class of risk models.
Suppose the insurance company sets some premium to be paid by the insured regularly—say, once at
the beginning of every time interval. The losses incured by the insured will be of uncertain size (no
loss is considered a loss of size 0) in every time interval, governed according to the unknown underlying
risk model. For a given class of risk models, how should the premiums be set so that the insurer does
not get ruined (i.e., remains solvent)?

Related to the insurance problem is the pricing problem that several researchers [2, 3] have con-
sidered for the Internet—these adopt, among other techniques, game theoretic principles to tackle the
problem. A different approach, including that of Lundberg [1] involves studying the loss parametri-
cally, using for example, Poisson processes as the class of risk models. A more comprehensive theory of
risk modeling has evolved [4] which incorporates several model classes for the loss other than Poisson
processes, and which also includes some fat tailed distribution classes.

The later approach is very reminiscent of work in probability estimation, universal compression and
prediction, where, lately, there has been a lot of focus on choosing model classes for new applications
such as language modeling, text compression, clustering and classification. Researchers have come
up new classes of models, e.g., [5, 6] as well as theoretical and practical approaches to balance the
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complexity of the model classes with their power [7]. In particular, one would like to use a model class
that is as general as possible, and is yet tractable.

This focus seems very pertinent to a new slew of scenarios for risk management. In settings like
network outages, it is not clear what should constitute a reasonable risk model in the absence of usable
information about what might cause the outages. If we are going to model these risks, how does one
choose a class that is as general as possible, yet, one on which the insurer can set premiums to remain
solvent?

A preliminary question is then, what are necessary and sufficient conditions for a class of measures
P on infinite loss sequences to be insurable? In this paper, we attempt to answer this–in Theorems 4
and 6, we show necessary and sufficient conditions

We adopt the collective risk approach, namely, there are only two players in the insurance game—
the insured and the insurer. We denote the losses by {Xi}i≥1, and we assume that Xi ∈ N for all
i ≥ 1. P is a collection of measures on loss sequences, and we assume that all the measures in P are
obtained i.i.d..

Let N∗ is the collection of all finite length strings of numbers. The insurer’s scheme Φ is a mapping
from N∗ → R, and is interpreted as the premium demanded by the insurer from the insured after a loss
sequence is observed. Note that a premium of ∞ is possible—in which case, we say that the insurer
is not playing the (insurance) game. However, we require that once the insurer sets a finite premium
(the insurer enters the game), the premium remains fine (the insurer cannot quit in the middle).

We adopt a simplification–if at any stage the insurer is surprised by a loss bigger than the premium
charged in that round, the insurer goes bankrupt. In other words, the insurer does not have access to
profits of the past rounds to pay the premium. We say a scheme survives, or equivalently, does not go
bankrupt for p ∈ P if

p(lim sup
n→∞

{(Yn −
∑

Xn)1( insurer has entered before step n )} < 0) = 1.

To eliminate trivial schemes that do not enter the game at all, we require that for all p ∈ P, the
insurer enters the game with probability 1.

Definition 1. A class P of measures is insurable if ∀ η > 0, there exists a premium scheme Φ such
that ∀ p ∈ P, p(Φ goes bankrupt ) < η. In addition, if for all p ∈ P, lim supn→∞ p({Xn : Φ(Xn) <∞}) =
1. 2

In Section 2, we consider an example each of insurable and non-insurable classes.

1 Results

We model losses by numbers in N = {0, 1, . . .}. A loss model is a finite support distribution over losses,
and P is a set of loss models. For example, a set of all distributions over numbers i, i+ 1, where i ∈ N.
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Note that, as in the example above, P need not have any upper bound on allowable loss.
The crux of insurability is this: we would like close distributions to be similar in their span, the

highest loss with non zero probability. We first define what distributions are close, followed by what
distributions have “similar” span. We will then specify the necessary and sufficient conditions for
insurability.

1.1 Close distributions

Insurability depends on the neighborhoods of the probability distributions in P. The relevant “dis-
tance” between distributions that decides the neighborhood is

J (p, q) = D

(
p||p+ q

2

)
+D

(
q||p+ q

2

)
.

1.2 Cummulative distribution functions

In this paper, we phrase the notion of similarity in span in terms of the cummulative distribution
function. Note that we are dealing with distributions over a discrete (countable) support, so a few
non-standard definitions related to the cummulative distribution functions need to be clarified.

For our purposes cummulative distribution function of any distribution p is a function from R →
[0, 1], and will be denoted by Fp. We obtain Fp by first defining Fp on points in the support of p and
the point at infinity. We define Fp for all other points by linearly interpolating between the values in
the support of p. Note that for 0 ≤ x < 1, F−1

p (x) is uniquely defined. Let F−1
p (1) be the smallest

number y such that Fp(y) = 1.
Two technical observations are in order since we are dealing discrete distributions. Consider a

distribution p over A. For δ > 0, let (T for tail)

Tδ = {y ∈ A : y ≥ F−1(1− δ)},

and let (H for head)
Hδ = {y ∈ A : y ≤ 2F−1(1− δ/2)}.

It is easy to see that p(Tδ) > δ and that p(Hδ) > 1− δ.
In essence, note the following if the loss distribution p is in force. If the premium set at any point is

F−1(1− δ), the probability of the loss exceeding the premium (bankruptcy) is ≥ δ. If the premium is
2F−1(1−δ/2), the probability that the loss exceeds the premium is ≤ δ. We will use these observations
in the proofs to follow.

1.3 Necessary and sufficient conditions for insurability

Existence of close distributions with very different spans is what kills insurability. A scheme could be
“deceived” by some p ∈ P into setting low premiums, while a close enough distribution lurks with a
high loss.
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Formally, a distribution p in P is deceptive if ∀ε > 0, ∃ δ > 0 so that no matter what function
f : R→ R is chosen, ∃ q ∈ P such that

J (p, q) ≤ ε

and
F−1
q (1− δ) > f(F−1

p (1− δ)),

In Sections 3 and 4, we show that a collection P of finite support distributions is insurable iff there
are no deceptive functions in P.

2 Examples

The set N is the class of i.i.d. processes whose single letter marginals have finite moment. Namely,
∀p ∈ N , EpX1 <∞.

Theorem 1. N is not insurable.
Proof Note that the loss measure that puts probability 1 on the all 0 zero sequences exists in N .
Every insurer must therefore enter after seeing a finite number of zeros, say N . If not the insurer does
not enter with probability 1 for this source, something that is not allowed.

Fix any scheme. Denote the premiums charged at time i by Φ(Xi). We show that N is not
insurable, namely ∃η > 0 such that for all schemes Φ, ∃p ∈ P such that

p( Φ goes bankrupt ) ≥ η.

Fix some δ = 1− η.
Let ε be small enough that (1−ε)N > 1−δ/2. Let M be a number large enough that (1−ε)M < δ/2.

Note that since 1− δ/2 ≥ δ/2, N < M . Let L be greater than any of premiums charged by Φ for the
sequences 0N , 0N+1, . . . 0M .

Let p ∈ N satisfy p(Xi = 0) = 1− ε and p(Xi = L) = ε for all i ≥ 1.
For this process, the insurer goes bankrupt on all sequences that contain loss L in between the

N ′th and M ′th step. The sequences in question have probabilities (under p) (1 − ε)N ε, (1 − ε)N+1ε,

and so on. Summing up the geometric series,

p( Φ is bankrupted ) ≥ 1− δ = η. 2

It will be easy to verify that N does not satisfy the necessary condition in Theorem 4.
A monotone distribution on numbers satisfies for all i, probability of i ≥ probability of i+ 1. Let

M be the set of all monotone i.i.d. processes. It will follow in Section 3 that

Theorem 2. M is not insurable. 2
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The above results mean that while insurability seems related to weak compressibility, it is not
identical.

Consider U the collection of all uniform distributions over a finite (countable) support. Let the
losses be sampled i.i.d. from one of the distributions in U—call these processes U .

Theorem 3. U is insurable.
Proof Outline If the threshold probability of ruin is η, set the premiums Φ as follows. For all
sequences x with length ≤ log 1

η + 1, Φ(x) =∞. For all sequences longer than log 1
η + 1, the premium

is twice the largest loss observed thus far. It is easy to see this scheme is bankrupted with probability
≤ η. 2

3 Necessary condition for insurability

Note that according to the conventions adopted with defining cummulative distribution functions in
Section 1.2, if for a sequence x, F−1

q (1− δ) > Φ(x), the scheme Φ will be bankrupted with probability
≥ δ in the next step.

Theorem 4. P is a collection of finite support distributions. If P is insurable, then no p ∈ P is
deceptive.
Proof We prove the contraposition of the theorem: if some p ∈ P is deceptive, then P is not
insurable. Lemma 7 necessary for the following proof can be found in the Appendix.

To show the contraposition, let p ∈ P denote a deceptive distribution. Namely, for all ε > 0,
∃δ > 0 such that ∀fp : R→ R ε, ∃ q satisfying J (p, q) < ε

F−1
q (1− δ) > fp(F−1

p (1− δ)).

We prove that P is not insurable by fixing some η > 0 and finding for each scheme Φ, a distribution
q ∈ P such that

q( Φ goes bankrupt ) ≥ η.

Pick 0 ≤ α ≤ min {h−1(1
2), 1− ln 2} and let 0 < η < (1−2h(α))

(
1− 1

e

)
, the bounds chosen in order

to satisfy the technical requirements of the proof of Lemma 7. Recall that η will be the probability
with which some q ∈ P is bankrupted.

Consider any Φ that enters on p with probability 1. For all n, let

Φn = {xn : Φ(xn) <∞}

be the set of sequences of length n on which Φ has entered and let N be a number such that

p(ΦN ) > 1− α.
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As before,
Φp,n = {xn ∈ Φn : p(xn) > 0}.

We will prove that ∃q ∈ P such that

q( Φ goes bankrupt ) ≥ (1− 2
N
− 2h(α))

(
1− 1

e

)
. (1)

By picking N large enough, we can make this probability of error arbitrarily close to (1−2h(α))
(
1− 1

e

)
.

For all 0 < δ′ < 1, let
fp(F−1

p (1− δ′)) def= max
xi:N≤i≤N+d 1

δ′ e
xi∈Φp,i

Φ(xi).

Set ε = 1
N2 . Since p is deceptive, for some δ > 0, there exists some distribution q satisfying

J (p, q) < ε =
1
N2

,

while
F−1
q (1− δ) > fp(F−1

p (1− δ)).

Since J (p, q) < 1
N2 , from Lemma 7

q(Φp,N ) ≥ 1− 2
N
− 2h(α),

namely, Φ has entered with probability at least 1 − 2
N − 2h(α) for length N sequences. Since the

insurer cannot quit once it has entered, the scheme has entered with probability at least 1− 2
N −2h(α)

for all n length sequences where n > N . Namely for all n ≥ N ,

q(Φp,n) ≥ 1− 2
N
− 2h(α),

We have set things up so that Φ is bankrupted with the δ tail of q. To see that the δ tail of q
bankrupts Φ, note that

F−1
q (1− δ) ≥ fp

(
F−1
p (1− δ)

)
= max

Xi∈Φp,i
N≤i≤N+d 1

δ
e

Φ(Xi). (2)

Namely any loss in the δ tail of q is greater than the highest premium Φ charges for any sequence in
Φp,i with lengths between N and N + d1

δ e.
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For convenience, let M = d1
δ e. Let the distribution q be in force. Conditioned on any sequence in

Φp,i with length i between N and N +M − 1, the scheme Φ fails with probability (under q) at least
δ in the following step.

A sequence on which Φ has entered, but such that Φ has not been bankrupted on any the sequence’s
prefixes is a surviving sequence. Consider a surviving sequence x ∈ Φp,N in the support of p at level
N .

Given x, let the probability that Φ is bankrupted in the following step be δN . From (2), and as
mentioned in the note before the Theorem, conventions adopted in the definitions of cummulative
distribution functions in Section 1.2 implies we have δN ≥ δ. Given x, the probability that Φ is
bankrupted in at most two further steps is, for some δN+1 (δ ≤ δN+1 < 1),

δN + (1− δN )δN+1 ≥ δ + (1− δ)δN+1.

Similarly, given a sequence x, the probability that Φ is bankrupted on sequences with length between
N and N +M and are suffixes of x is

δN + (1− δN )δN+1 + (1− δN )(1− δN+1)δN+2 + . . .+ (1− δN )δN+M

N+M∏
i=N+1

(1− δi).

Let q1 be the probability of all survivors in Φp,N , and q2 be the probability of all sequences in Φp,N

where Φ has already been bankrupted. Therefore q1 + q2 = q(Φp,N ).
Therefore Φ is bankrupted with probability

≥ q2 + q1

(
δN + . . .+ δM

M∏
i=N

(1− δi)

)
≥ q2 + q1

(
δ + (1− δ)δ + . . .+ (1− δ)Mδ

)
= q2 + q1

(
1− (1− δ)d1/δe

)
≥ q(ϕN )

(
1− (1− δ)d1/δe

)
≥
(

1− 1
N
− h(α)

)(
1− (1− δ)d1/δe

)
. 2

Corollary 5. The set of monotone distributions is not insurable. 2

4 Sufficient condition for insurability

The necessary condition in Section 3 is also sufficient for insurability. As per conventions adopted
in Section 1.2, recall that a distribution q is bankrupted with probability < δ in the next step if the
premium set is at least 2F−1(1− δ/2).
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Theorem 6. P is a collection of finite support distributions. If no p ∈ P is deceptive, then P is
insurable.
Proof The proof is constructive. For any 0 < η < 1, we obtain a scheme Φ such that for all p ∈ P,
p(Φ goes bankrupt ) < η. For convenience, we will represent types by probability distributions and
the sequence length. Namely, a string 123111 has a length-6 type (4/6, 1/6, 1/6).

Since no p ∈ P is deceptive, we have that for all p ∈ P ∃εp > 0 such that for all δ > 0, ∃fp,δ : R→ R
so that all q with J (p, q) < εp satisfy

F−1
q (1− δ) < fp,δ(F−1

p (1− δ)).

Recall that εp is the reach of p.
For p ∈ P, define

Bp = {q : J (p, q) ≤ εp},

which will play the role of the set of distributions which will not be bankrupted by setting premiums
based on p’s support. Furthermore, for p ∈ P, let

Ip =
{
q : |p− q| ≤ εp

2(ln 2)2

16

}
.

Ip will contribute a set of types on which the proposed scheme Φ will enter so as to ensure that Φ
enters with probability 1 on strings generated by p.

The set N∗ of all finite subsets of N is countable. Hence, associate with each finite subset A ⊂ N,
its index i(A).

We now describe the scheme Φ. Consider a length-n sequence x on which Φ has not entered thus
far. Let the type of the sequence be q, and let A denote the set of symbols in the sequence. Let

Pq = {p ∈ P : q ∈ Ip}.

If Pq 6= ∅, the scheme does not enter yet.
If Pq 6= ∅, let pq ∈ Pq denote (any1) distribution with the smallest span. Let the reach of pq be

εpq , and let

Dpq

def=
ε4
pq

(ln 2)3

512
.

The scheme enters if n satisfies

2−nDpq ≤ 1
(n+ 1)|A|

η

2i(A)2n2

36
π4
. (3)

1While not necessary, for ease of exposition we require that all sequences of a given type are trapped by the same

distribution
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All suffixes of the sequence are said to be trapped by pq—namely, premiums will be based on pq. The
premium assigned for a length n sequence on which the scheme has entered is

2f
pq ,

6η/2

2π2n2

(
F−1
pq

(
1− 6η/2

2π2n2

))
.

To verify that the scheme enters with probability 1, no matter what distribution p ∈ P is in
force, observe that the alphabet of the sequence eventually stablizes since P contains finite support
distributions. Subsequently, for all large enough n, and types in Ip, it follows that (3) will hold and
the scheme enters with probability 1.

We now analyze the scheme. Consider any p ∈ P. Among sequences on which Φ has entered, we
will distinguish between those that are in good traps and those in bad traps. If x is trapped by p′ such
that p ∈ Bp′ , p′ is a good trap. Conversely, if p /∈ Bp′ , p′ is a bad trap.

Suppose a length-n sequence xn is in a good trap, namely, it is trapped by a distribution p′ such
that p ∈ Bp′ . Recall that the premium assigned is

2fp′,δ′/2
(
F−1
p′
(
1− δ′/2

))
where δ′ = 6η/2π2n2, which in turn is greater than 2F−1

p (1− δ′/2). Therefore, the scheme is
bankrupted with probability at most δ′ = 6η/2π2n2 in the next step. Therefore, sequences in good
traps contribute at most η/2 to the probability of bankruptcy.

We will show that the probability with which sequences generated by p fall into bad traps ≤ η/2.
Pessimistically, we assume that sequences that fall into bad traps bankrupt the scheme in the next
step itself with probability 1. Thus the contribution to bankruptcy by sequences in bad traps is at
most η/2.

Let q be a length-n type with alphabet A that falls into a bad trap, say it is trapped by p̃ with
reach ε̃. Since p /∈ Bp̃, we obtain from Lemma 9 that

J (p, q) ≥ ε̃ ln 2
16

,

and therefore,

D(q||p) ≥ 1
2 ln 2

|p− q|21 ≥ J 2(p, q)
ln 2
2

=
ε̃4(ln 2)3

512
where the second inequality follows from Lemma 8. Using (3), we note that the probability of the
type q is at most

1
(n+ 1)|A|

η

2i(A)2n2

36
π4
.

Since there are at most (n+1)|A| length-n types with alphabet A, summing the above probability over
all alphabets (finite subsets of N) and over all lengths bounds the probability with which a sequence
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from p falls into a bad trap by η/2 as∑
A:A⊂N
A finite

1
i(A)2

=
∑
n≥1

1
n2

=
π2

6
.

The theorem follows. 2

5 Appendix

We prove following technical lemmas needed for the proofs in Theorems 4 and 6.

Lemma 7. (simplify proof, use `1 bound) For distributions p and q over some support A, with
J (p, q) ≤ ε. For some S ⊂ A and α < 1− ln 2 = .30685, if p(S) ≥ 1− α, then

q(S) ≥ 1− 2ε− 2h(α).

Proof Outline Let p(S) (q(S) respectively) denote the binary distribution, the two probabilities of
which correspond to [p(S), 1− p(S)] ([q(S), 1− q(S)] respectively). Observe that

ε ≥ J (p, q) ≥ D(p(S)||q(S) + p(S)
2

)

= p(S) log
2

p(S) + q(S)
− h(p(S))

≥ p(S) log
2

p(S) + q(S)
− h(α)

≥ (1− α) log
2

p(S) + q(S)
− h(α),

where the second inequality follows by dropping a positive term, the third since 1−α ≥ 1
2 and therefore

h(p(S)) ≤ h(1− α) = h(α). Therefore,

log
2

p(S) + q(S)
≤ h(α) + ε

(1− α)
,

implying that

1 + q(S)
2

≥ p(S) + q(S)
2

≥ 2−
h(α)+ε
1−α

= exp
(
−(h(α) + ε) ln 2

1− α

)
≥ 1−

(
(h(α) + ε) ln 2

1− α

)
≥ 1− (h(α) + ε),

where the last inequality follows since ln 2 ≤ 1− α. The lemma follows. 2
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Lemma 8. For any two distributions p, q,

1
4 ln 2

|p− q|21 ≤ J (p, q) ≤ 1
ln 2
|p− q|1

and for any three distributions p, q, r,

J (p, q) + J (q, r) ≥ J 2(p, r)
ln 2
8
. 2

Proof The lower bound follows since

D

(
p||p+ q

2

)
≥ 1

2 ln 2
1
4
|p− q|21

and

D

(
q||p+ q

2

)
≥ 1

2 ln 2
1
4
|p− q|21.

The upper bound follows since

J (p, q) ln 2 ≤
∑
x

p(x)
(
p(x)− q(x)
p(x) + q(x)

)
+
∑
x

q(x)
(
q(x)− p(x)
p(x) + q(x)

)
≤
∑
x

p(x)
(
|p(x)− q(x)|
p(x) + q(x)

)
+
∑
x

q(x)
(
|p(x)− q(x)|
p(x) + q(x)

)
= |p− q|1.

To prove the triangle-like inequality, note that

J (p, q) + J (q, r) ≥ 1
4 ln 2

(
|p− q|21 + |q − r|21

)
≥ 1

8 ln 2
(|p− q|1 + |q − r|1)2

≥ 1
8 ln 2

(|p− r|1)2

≥ ln 2
8
J (p, r)2,

where the last inequality follows from the upper bound on J (p, r) already proved. 2

Lemma 9. Suppose a type q is trapped by p0 with reach ε0. For all p ∈ P with J (p, p0) ≥ ε0,

J (p, q) ≥ ε20 ln 2
16

.
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Proof Since q is trapped by p0, it follows that

|p0 − q| ≤
ε20(ln 2)2

16

and therefore

J (p0, q) ≤
ε20 ln 2

16
.

Furthermore, since
J (p, p0) ≥ ε0,

Lemma 8 then implies that

J (p, q) +
ε20 ln 2

16
≥ J (p, q) + J (p0, q) ≥

J 2(p, p0) ln 2
8

≥ ε20 ln 2
8

.

The lemma follows. 2
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