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Abstract—We consider the design of cooperation coding schemes
for a two-user multiaccess channel (MAC). In particular, we con-
sider two block Markov coding schemes, namely, the multiplexed
coding and the superposition coding. Although the fully multi-
plexed (FMP) coding outperforms the superposition coding in
theory, it is difficult to implement with practical error-correction
codes. We, therefore, introduce a partially multiplexed (PMP)
coding scheme for code rate � �, and propose a simplified
superposition coding scheme. The outage analysis shows that
these cooperation schemes provide significant gains over the non-
cooperative MAC in the low-power regime when the bandwidth

. We then propose a PMP code design using irregular
repeat accumulate (IRA) codes. The design method can be ex-
tended to build the low-rate PMP codes using irregular repeat
zigzag Hadamard (IRZH) codes, a new class of capacity achieving
low-rate codes. Simulation results demonstrate that the block
Markov multiplexed coding using PMP-IRA codes outperforms
the practical superposition coding by 2 dB at �� � FER, and
it provides a 10-dB gain over the noncooperative MAC. The
multiplex coding using PMP-IRZH codes offers 1-dB gain over
the superposition coding, and a 9.5-dB gain over noncooperative
MAC at �� � FER. Moreover, the PMP-IRZH coding performs
only 0.5 dB away from the outage capacity of multiplexed coding
in the low-power regime.

Index Terms—Block Markov coding, irregular repeat accumu-
late (IRA) codes, multiplexed coding, partially multiplexed coding,
superposition coding, user cooperation.

I. INTRODUCTION

EMPLOYING multiple antennas in wireless communica-
tions to achieve the transmit diversity or spatial diversity,

known as multiple-input and multiple-output (MIMO) tech-
nology, has become a promising solution to combat channel
fading and to provide very high data rate. Recently, cooperative
communication techniques have drawn increasing interests due
to the user cooperation diversity [1], [2] or cooperative diversity
gain [3], [4], which is another form of spatial diversity created
by using a collection of distributed antennas from multiple
terminals in a network. With user cooperation, the terminals
share their antennas to form a virtual antenna array providing
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the potential of realizing spatial diversity through distributed
coding and signal processing.

The efficiency of cooperative diversity in the low-power
regime has been investigated in [5] and [6]. It has been ob-
served that without carrier-level synchronization, a significant
gain on the minimum energy per information bit
can be achieved when considering the outage. Therefore, it is
important to design efficient cooperation coding schemes to
approach the outage capacity. In [6], two cooperation coding
schemes are introduced, namely, block Markov multiplexed
coding and superposition coding. Theoretically, these two
schemes perform very close to the lower bound of the outage
probability for user cooperation. However, practically, these
schemes are difficult to implement with binary error-correction
codes. Recently, practical code design for relay channel has
been extensively studied. Turbo based coding scheme is de-
signed to approach capacity bound of full-duplex relay channel
in [7] and [8], and later extended to half-duplex relay system
[9]. Design of capacity approaching low-density parity-check
(LDPC) based coding scheme is considered for half-duplex
relay system in Gaussian channel [10] and ergodic fading
channel [11], respectively.

In this paper, instead of considering one source in a three-
node relay system, we consider design of practical coding
schemes for user cooperation, i.e., both nodes transmit the
information to destination. We introduce practically im-
plementable coding schemes for multiplexed coding and
superposition coding for a two-user cooperation system. In
particular, we introduce a partially multiplexed (PMP) coding
method for operating in the low-rate region, i.e., the code
rate . We show that the PMP coding scheme offers
the performance close to that of the fully multiplexed coding
(FMP) when . We then propose a PMP code design
method using irregular repeat accumulate (IRA) code [12].
As a subclass of low-density party-check (LDPC) codes [13],
[14], the optimized IRA codes offer the performance close
to that of the irregular LDPC codes [15], [16], but are more
attractive from the implementation point of view because of
the extremely simple encoder structure. The multiplexed code
built from the proposed design method using IRA codes can
be iteratively decoded with low decoding complexity for both
the multiplexed and the component codes. Moreover, both the
multiplexed code and the component codes exhibit capacity-
approaching performance. To exploit the cooperation gain in
the very-low-power and very-low-rate region, we extend the
PMP design approach to low-rate coding using the irregular
repeat zigzag-Hadamard (IRZH) codes. The IRZH codes
constitute a class of low-rate codes similar to concatenated
ZH codes [17] and LDPC-Hadamard codes [18], but with
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Fig. 1. A two-user cooperative system.

very simple encoders. We also propose a simplified practical
superposition coding scheme. The outage analysis shows that
the proposed simplified superposition coding performs exactly
the same as the superposition coding scheme given in [6] in
the low-power regime. Numerical results demonstrate that all
coding schemes under consideration perform very close to the
outage probabilities.

The remainder of this paper is organized as follows. In
Section II, we first describe a two-user MAC and introduce two
block Markov coding schemes for user cooperation. We then
introduce a PMP coding scheme and also propose a practical
superposition coding scheme for cooperation. In Section III, we
present theoutageanalysisof thecooperationcodingschemesde-
scribed in Section II. In Section IV, we propose a design method
of the PMP code with IRA codes, and extend the method to the
low-rate PMP code with IRZH codes. Simulation results are also
provided in this section. Section V contains the conclusions.

II. SYSTEM DESCRIPTIONS AND CODING FOR COOPERATION

A. Two-User Multiple-Access Channel (MAC)

We consider a two-user MAC as shown in Fig. 1. User wants
to transmit a message to the destination. User transmits a
symbol stream , which depends on and the past received
signal at node [1]. We assume both users
operate in a full-duplex mode [19]. While full-duplex operation
in general can be difficult to implement because of dynamic
range issues, it is more feasible in the low power regime, since
interference between signals is less of an issue. The received
signal at the two nodes and the destination is given by

(1)

(2)

where denotes the channel gain from the th user to
the th user; denotes the channel from the th user to the
destination; and denote i.i.d. complex white Gaussian
noise at the th user end and the destination, respectively, with

. We assume that all the channel gains,
, remain constant in a frame consisting of

symbols, and they vary independently from frame to frame.
We also assume and all the channel
gains are i.i.d. Rayleigh distributed. We further assume that the
transmitters have no channel state information (CSI), whereas
receivers have full CSI. As performance measure we consider
outage capacity, and the corresponding energy per bit .

B. Cooperation Model

We will only consider cooperation between the nodes through
decode-forward [1], [4], [20]. There are other methods of coop-
eration, such as amplify-forward and compress-forward, but in
the low-power regime it is easy to see that they do not provide
any gain. We are primarily focused on energy efficiency, mea-
sured by , which is the minimum energy required
to transmit one bit reliably. This is usually achieved by letting
the bandwidth go to infinity [21], [22], or equivalently by let-
ting power and rate go towards zero. In multinode networks it
is not known if maximum energy efficiency is also achieved by
letting the bandwidth go to infinity, but for decode-forward this
is the case. We, therefore, believe that in the low power regime,
decode-forward is the most realistic cooperation method.

The method of decode-forward originates in the seminal
paper [20]. The idea is that a node decodes the message of
another node, reencodes it, and then transmit it. Since there
are many methods of doing decode-forward even in the 2-user
MAC channel, we will define decode-forward more abstractly
as follows. Assume that the messages are uniform random
variables, and denote by the transmitted sequence when
length codes are used.

Definition 1: A set of rates is set to be achievable by
decode-forward for an -user network if there exists sequences
of deterministic functions , so that

(3)

The decode-forward capacity region is the closure of the set of
all achievable rate sets .

The idea behind the definition is that the unifying idea in de-
code-forward is what a node transmits is only allowed to depend
in a deterministic way on the messages in the network.

For practical decode-forward schemes we consider block-
Markov schemes [23] (notice that the general definition above
is not restricted to block-Markov). The message is divided
into an information sequence , and

is the coded sequence.
Under user cooperation, at the th block, user transmits a

signal that carries not only its own information message, but
also that from the cooperating user. Given that the cooperative
users have successfully decoded the messages from each other
at the th block, each user then transmits the sequence
that carries both its own message scheduled for transmission at
the th block and the message from its cooperating user at the

th block, i.e.

(4)

In the first block , each user sends its own message. If
both users cannot decode the message from each other, each user
then transmits its own messages in the following blocks.1 The
system is then a two-user noncooperative MAC. If one user can
successfully decode the other one’s message, it then transmits

1Here, we assume CRC bits are appended to every information sequence so
that the receiver can check for errors. If the receiver detects an error from final
decoding output, we claim that the receive cannot decode the message from the
received signals with current power and channel conditions.



YUE et al.: CODING SCHEMES FOR USER COOPERATION 2037

TABLE I
BLOCK MARKOV CODING SCHEMES: MULTIPLEXED CODING (UPPER); SUPERPOSITION CODING (MIDDLE); PRACTICAL SUPERPOSITION CODING (BOTTOM)

the messages cooperatively as in (4) in the following blocks.
Since and we assume the transmission
rates for both users are the same, the cooperation mode is then
always bilateral. In the last block, each user sends only the co-
operating user’s message from the previous block. With block
Markov coding scheme, two decoding methods can be applied,
namely, forward decoding and backward decoding. In the for-
ward decoding method, the receiver starts the decoding from
the first block and decodes the subsequent blocks based the de-
coding output of previous block(s). In the backward decoding,
the receiver starts the decoding from the last block and then de-
codes previous block based the decoding output of subsequent
block(s). Obviously, backward decoding has large latency. This
is a problem when considering larger networks, as a node cannot
forward messages until all blocks have been decoded. While
backward decoding actually gives a larger capacity region, the
difference disappears in the low power regime. For these rea-
sons, we adopt the forward decoding method for all cooperative
coding schemes.

C. Multiplexed Coding

In the multiplexed coding scheme, a user either encodes its
own message using one codebook in the noncooperative mode,
or encodes the messages from itself and the cooperating users
using another codebook in the cooperative mode. Therefore,
each user needs two codebooks. For a two-user MAC with
the transmission rates for the th user, the first codebook
is consisting of i.i.d. length- Gaussian sequences.
The second codebook is called a multiplexed code of rate

, which can be constructed as follows.
• Randomly generate i.i.d. length- Gaussian se-

quences and put them into a table. We
index them by , where
and corresponding to the rows
and the columns in the table. Then the random codebook

allows each user to transmit both its
own message and the message from the cooperating user.
The encoding process is denoted by , where are
the binary expansions of the integers .

With the multiplexed codebook, the receiver can either decode
both messages, and , at a rate , or decode one mes-

sage (or ) by knowing the other (or ) at a rate (or
). For instance, suppose the receiver knows . It then decodes

using the codebook subset formed by the th column in the
codebook table at a rate . Or similarly, the receiver decodes
message at a rate using the coodbook subset formed by the

th row in the multiplexed code. We call these codebook sub-
sets the component codes in a multiplexed code.

In block Markov multiplexed coding for user cooperation,
each user transmits the sequence encoded by the multiplexed
codebooks for its own message and the message from the
cooperating user in the previous block, i.e.

(5)

At the first block, the user transmits its own message using code-
book . At the th block, the user transmits the message from
the cooperating user using the multiplexed code by setting its
own message as . The transmission with the block Markov
multiplexed coding scheme for 2-user cooperation is summa-
rized in Table I.

Coding schemes similar to multiplexed coding were also con-
sidered in [1], [2]. However, in that case the transmitters did
have CSI, and the lack of transmitter CSI changes the setup fun-
damentally, as the encoder does not know what side-information
the decoder has. The system operates in either cooperative or
noncooperative mode only based on whether the users success-
fully decode the information from each other. The multiplexed
coding schemes considered here therefore is a new concept.

In noncooperative mode (and the first block of cooperative
mode), the receiver jointly decodes the sequence
from the received in (2). In cooperative mode, if the re-
ceiver can successfully decode both users’ messages simultane-
ously at the end of the first block using the joint optimal decoder,
at the end of the second block, it then decodes each user’s mes-
sage from the codebook subsets in the multiplexed codebooks

at rate by making use of the decoded message of the co-
operating user from the previous block. Similar procedure is ap-
plied to the subsequent blocks in this frame. On the other hand,
if the receiver can only successfully decode one user’s message
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during the first block, e.g., , it then jointly decodes
and at the end of the second block based on and the
received signal in the first block after interference cancelation

that is

(6)

Note that in is treated as interference.
Similar decoding procedure for , is applied.

At the th block, the received signal by user 1 from user 2 is
given by

(7)

Since user 1 knows its own message it is then able to
decode the message at a rate based on the definition
of the multiplexed coding. Similarly for user 2. In this case, the
channel and the effective code rate or are consistent
with that in the first block where the cooperation has not been
triggered. Therefore, the cooperation decision at the end of first
block between users will not change in the subsequent blocks.

Partially Multiplexed Coding: It is difficult to build a binary
multiplexed code described in Section II-C so that both the mul-
tiplexed codebook and the codebook subsets are capacity-ap-
proaching codes. With capacity-approaching codes for the mul-
tiplexed codebook, it is difficult to separate into number of code-
book subsets so that every codebook subset has capacity-ap-
proaching performance. Even if we can obtain such codebook
subsets, we cannot apply low-complexity decoding algorithms,
such as belief propagation (BP) algorithm for LDPC codes, to
decode them. Consider a binary systematic code,

, with the parity-check matrix given by

(8)

where , and the dimensions of and are
and , respectively. The generator

matrix is then given by

(9)

We then easily obtain two component codes from , an
code with the generator and an
code with the generator . The parity

check matrices are then given by
, respectively. It is seen from above design we can

obtain a length- codebook from . For example, for
all the information sequences , we obtain the code-
book . When knowing one message, e.g.,

, we can decode from a length- codebook
, where denotes pairwise

binary addition. However, since all the codewords in this code-
book subset contain sequence , the effective code length is
then , i.e., the codebook ,
or in other words, the codebook obtained from . Therefore,

with this coding method, we can decode two messages of a total
length using the parity check matrix at the
full rate . Once one of the messages is known,
we then decode the other message at a rate of or

. Because

(10)

the rates of the codes and are greater than those of the
component codes in the multiplexed codes discussed in the pre-
vious section, though the same code length is used. We therefore
call this scheme partially multiplexed (PMP) codes and the orig-
inal ideal multiplexed coding fully multiplexed (FMP) codes.

Since the effective rate of the component code for the PMP
code is higher than that of the FMP code, there will be a per-
formance loss for PMP. However, when the overall rate is not
high, the performance loss is small. For example, assume that

, and the overall rate for the multiplexed code is .
For FMP codes, the component code rate is . The component
code rate of the PMP code is given by

(11)

Note that when is small, e.g., , the difference betwee
and is also small, indicating that there should

be little performance loss when using the PMP coding for co-
operation. Later we will show that even when , the
performance loss is still very small when using PMP coding for
cooperation.

D. Superposition Coding

In the superposition coding scheme, each user employs two
random codebooks, and of rate . In noncooperative
mode, each user transmits its own message encoded by the code-
book . In cooperative mode, as shown in Table I, the trans-
mitted sequence from user 1 is the superposition of coded se-
quence of its own message encoded by and the co-
operating user’s message from the previous block, ,
encoded by , given by

(12)

where is a power allocation ratio. Similarly for user 2. As-
suming that and have been decoded, the
receiver then jointly decodes and from the
signals received in the th block, , and in the th block
after interference cancelation given by

(13)

(14)

Here there are four codebooks, and , used
for jointly decoding and . The term
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is then treated as the inter-
ference. At the th block, the received signal by user 1 from
user 2 is given by

(15)

Since the user 1 knows , it then decodes the message
from

(16)

The equivalent channel gain is then , which is different
from in the first block. Therefore, it is possible that the
channel can support the transmission rate , while
cannot. If this happens, the cooperation decision will then
flip-flop between two blocks. That case is counted as an outage.

E. Simplified Superposition Coding

Instead of using four codebooks, we may use only two code-
books and . We assume that both users know these two
codebooks. Then, user 1 uses for its own message, and uses

for the cooperating user 2’s message in the previous block
for superposition. The transmitted sequence from user 1 in (12)
is then given by

(17)

Similarly for user 2. The simplified block Markov superposition
coding is summarized in Table I.

Similar to the original superposition coding, the messages
and can be decoded from the received

sequences at the th and the th block, given by

(18)

where the covariance matrix of the interference-plus-noise term
is given by

(19)

An iterative receiver can be employed to approach ML de-
coding for signals in (18)–(19). If either or
cannot be decoded, we declare an error. Obviously, the perfor-
mance of superposition coding depends on the power allocation
parameter .

It is worth noting that above simplified superposition coding
is similar to the coding scheme presented in [8] which was for
relay channels. Therefore, the simplified superposition coding
can be treated as the adaptation of the coding scheme in [8] to

the 2-user cooperative MAC considered in this paper. We will
compare it to PMP coding presented in this paper from both
information theoretical analysis and numerical simulations.

III. COOPERATION GAIN IN THE LOW-POWER REGIME

In this section, we perform an outage analysis for the cooper-
ation coding schemes described in Section II. We then obtain the
cooperation gains in the wide-bandwidth, low-power regime as
a function of the outage probability. We prove that multiplexed
coding is the optimum decode-forward cooperation scheme.

A. Noncooperative MAC

The capacity region for a two-user MAC without cooperation
is given by [21]

(20)

where as before, is average transmitted signal power, is
the double sided power spectral density of white noise. Assume

. Define

(21)

Given an outage probability , the corresponding outage rate is

(22)

The lower bound of is then given by

(23)

Obviously, is minimized if and, hence,
is maximized. Since

(24)

we then get a closed form expression for the minimum

(25)

where .
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B. Cooperation Bounds

We can use the max-flow-min-cut bound [21] to get the fol-
lowing upper bound on the outage capacity

(26)

(27)

where
.

The upper bound given by (27) is not known to be achiev-
able by any coding methods, in particular not by decode-for-
ward coding methods. However, we can upper bound the ca-
pacity achieved by decode-forward methods as follows.

Lemma 3.1: The decode-forward capacity for two-user co-
operation with equal rates is upper bounded by

(28)

Theorem 3.1: Given an outage probability , the achievable
minimum by decode-forward in a 2-user MAC with
equal rates is given by

(29)

where
. The proof

is in Appendix A.

C. Achievable Rates

Theorem 3.2: Fully multiplexed coding achieves the rate
given by Lemma 3.1, and in particular the minimum
among all decode-forward schemes.

The proof is given in Appendix B. We obtain the achiev-
able rate of the block Markov superposition coding described
in Section II-D as follows.

Lemma 3.2: The achievable rate of a 2-user MAC with equal
rates using block Markov superposition coding is

(30)

where

(31)

(32)

(33)

(34)

The proof is given in Appendix C. Notice that the achievable
rate is not a necessarily a connected region. The reason for this is
that cooperation may decrease the achievable rate since without
channel knowledge at the transmitters, the optimal power allo-
cation for the superposition coding cannot be achieved. More-
over, since channel information is not known at the transmitters,
the system cannot operate at intermediate rates by timesharing
between cooperation and conventional MAC. Due to the non-
connected region of achievable rates, we have not been able to
obtain a closed form expression for outage rate for general SNR,
or the wideband slope. However, it is possible to calculate the
minimum as follows.

Theorem 3.3: For a given outage probability , block Markov
superposition coding satisfies

(35)

The proof is in Appendix D. Thus, superposition coding is
strictly suboptimum. The reason is that the transmitter nodes
do not have CSI and therefore cannot choose accordingly. If
the transmitter nodes had CSI, superposition coding could give
the same as multiplexed coding. The difference is
that in multiplexed coding the receiver decides at the time of
decoding how much the user nodes should cooperate, which it
can do based receiver CSI.

Block Markov PMP Coding: It is difficult to analyze the
PMP coding directly since it is a practical cooperation coding
scheme. In PMP coding, the information messages from two
sources are jointly encoded systematically. Therefore, the
coded sequence contains three segments, i.e., ,
and joint coded bits for both messages . Message

can be decoded from the first segment (although
which is uncoded in our case, it is surely can

be encoded using some code), and can also be decoded jointly
by the first segment and the third segment
by knowing . Similarly, can be decoded from the second
segment, , and can also be decoded jointly from the
second segment and the third segment by
knowing . On the other hand, the third segment can be used
for decoding both messages and can also be used for decoding
either one of the message by knowing the other. Therefore,
we now consider an equivalent time-division model which
represents the PMP coding most closely. In the cooperative
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TABLE II
ENCODING PROCESS MODEL FOR THE OUTAGE ANALYSIS FOR PARTIALLY MULTIPLEXED CODING

mode, each block period is split into three portions, in which
is for its own message, is for the cooperating user’s

message, and is for the jointly encoded parity bits.
Hence, each user needs four codebooks, (for operating in
noncooperative mode), . The encoding process is
shown in Table II. The PMP codes described in Section II-C is
then a special case of this analytical model, where and
are rate-1 codebooks (or uncoded case). The fraction is given
by . We obtain the achievable rate as follows. The proof is
given in Appendix E.

Lemma 3.3: The achievable rate of a 2-user MAC with equal
rates using block Markov PMP coding for a given
is given by

(36)

where

(37)

(38)

(39)

We can notice that as . It is then easy to see.
Theorem 3.4: Block Markov Partial Multiplexed coding

achieves the lower bound decode-forward given
by Theorem 3.2.

For the simplified block Markov superposition coding de-
scribed in Section II-D, the achievable rate is given as follows.
The proof is given in Appendix F.

Lemma 3.4: The achievable rate of simplified block Markov
superposition coding is given by

(40)

where

(41)

Similarly, we obtain the minimum energy per bit as follows.
Theorem 3.5: For a given outage probability , the

of practical block Markov superposition coding is
given by (35).

Above theorem indicates that in the low-power regime, repe-
tition scheme is optimal [24].

D. Numerical Results

We now present numerical results on cooperation gains by
the various coding schemes in the wideband low-power regime
based on above the outage analysis.

As aforementioned, the performance of the block Markov
superposition coding depends on the power allocation param-
eter . For a given outage probability , its optimal value,

, minimizes the required to achieve . We can
obtain using Monte Carlo simulations to evaluate (35) for
different values of . Since the practical superposition coding
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Fig. 2. �� �� � as a function of power allocation � for the superposition
coding scheme for a 2-user MAC with a given outage probability � � �� .

scheme achieves the same as the superposition
coding does, the value of will be the same. Fig. 2 illustrates
the value of as a function of for a given
for the superposition coding scheme. It is seen that when
or 1, reaches the largest (worst) value. This is
easy to understand since when or 1, the system is a
noncooperative 2-user MAC. We also find that
changes significantly as changes in the regions where is
close to 0 or 1, indicating that cooperation provides significant
gain over noncooperation even when is far away from the
optimum. Moreover, when reaches its optimum, ,
the required dB, a 9–dB gain over noncoop-
erative MAC . Since the curve of is quite
flat in the region of , with any value in this
region, the result will be close to optimum, indicating that the
optimal power allocation for the superposition coding is very
robust.

Fig. 3 illustrates the outage probability as a function of
for various coding schemes for 2-user coopera-

tion, namely (by the order in the legend), the max-flow-min-cut
bound for two-user cooperation given by (27), noncooperative
MAC given by (25), decode-forward bound/FMP coding/PMP
coding given by (29) (As aforementioned the decode-forward
bound is achieved by FMP coding and can be achieved by PMP
coding by the low-power limit), and superposition coding given
by (35). For superposition coding, the optimal is em-
ployed. It is seen that at , all the cooperation coding
schemes provide a significant, more than 9 dB, gain over the
noncooperative MAC. The decode-forward bound/FMP/PMP
coding is only 1.4 dB away from the max-flow-min-cut bound.

IV. DESIGN OF PARTIALLY MULTIPLEXED CODES

We have proposed a PMP code for multiplexed coding in
Section II-C. The problem now is how to build a capacity-ap-
proaching PMP code. A natural choice is to use LDPC codes.
We can build a sparse code matrix for the overal PMP code
from an optimized code ensemble. Then, by some matrix ma-
nipulations, we obtain the parity-check matrix in a systematic

Fig. 3. Outage probabilities of various coding schemes for a 2-user MAC as
a function of �� �� � . For the superposition scheme, � � ����. For the
PMP scheme, � � ���.

form as in (8). With (9), we can obtain the generator matrices
for the component codes with the parity check matrices and

. However, though and are sparse, they usually do
not have good performance under iterative decoding because
the weight distributions are not in a good form and it is difficult
to find a systematic method to transform and into ma-
trices with good degree profiles. We next propose a PMP code
design method using IRA codes, then extend the design method
to low-rate PMP code using irregular repeat-zigzag-Hadamard
(IRZH) codes.

A. PMP Codes Using IRA

A systematic IRA code can be defined by an
parity-check matrix with the form , where
is a sparse matrix and is an
matrix given below [25]

...
. . .

(42)

where is the binary inverse of and can be realized by a
differential encoder. Furthermore, the generator matrix is given
by .

1) Partially Multiplexed Coding With IRA: Let
. We first construct a PMP code using an IRA code with

the parity-check matrix given by ,
where the dimensions of and are and

, respectively, and has the structure in (42). We then
separate into two parts, i.e., , where
the dimensions of and are and ,
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Fig. 4. The Tanner graph of the partially multiplexed coding based on the IRA codes.

respectively. Then the generator matrix of the multiplexed code
can be written as

(43)

The generator matrices of the component codes are then given,
respectively, by

(44)

with the corresponding parity check matrices given, respec-
tively, by

(45)

It is seen that the resulting component codes of and
are also IRA codes with sparse parity-check matrices. There-
fore the component codes also have the capacity-approaching
performance under iterative decoding. The multiplexed codes
design using IRA codes described above can be easily under-
stood by the Tanner graph representation shown in Fig. 4.

2) Decoding of PMP-IRA for Cooperation: Consider a two-
user cooperation system employing block Markov multiplexed
coding based on PMP-IRA. For simplicity, we assume BPSK
modulation and . We denote the multiplexed
code matrix for user by and its component codes by

and (of rate ). For the first block, the re-
ceiver simply employs the iterative multiuser detection on the
code graph of the component codes to approach joint ML
decoding. On the other hand, when the receiver can success-
fully decode both messages at the first block, it then performs
the iterative multiuser detection similarly for the decoding of
block . When the receiver is only able to decode
one message at the first block, say , we propose an itera-
tive algorithm to decode and using and

, which is summarized as follows.
Algorithm 1 [Iterative Decoding Algorithm for Cooperative

PMP-IRA Codes]:
• Compute the log-likelihood-ratio (LLR) by

, and

, where and are
similarly defined as in (6).

• Since PMP-IRA codes are systematic, we then update the
channel input LLRs for the systematic bits of message

by

where denotes the set of systematic bits for message
. For all other bits, we let , and

.
• For

— Given channel input and the extrinsic output
from the pre-

vious iteration as extrinsic input, perform one iteration
of sum-product decoding algorithm on the code graph
of and obtain the extrinsic output .

— Given , and

as extrinsic input, perform one iteration

of sum-product decoding on the code graph of ,
and obtain the extrinsic output .

• Generate decoding decisions.
Noted that for sum-product decoding in each code graph, the
extrinsic output along the edges should be stored and subtracted
from the input to the next decoding iteration.

B. Low-Rate PMP Using IRZH

To more closely approach the outage capacity in the low-power
regime, we next consider the design of low-rate PMP codes. We
first introduce a new class of capacity-approaching low-rate
codes, repeat-zigzag-Hadamard (RZH) codes, which are similar
to the concatenated ZH codes recently developed in [17].

1) RZH Codes: A Hadamard codeword is obtained from a
Hadamard matrix. Starting from , an ( ,
where is called the order of the Hadamard code) Hadamard
matrix over can be constructed recursively as

(46)

A length- Hadamard codeword set is formed by the columns
of the bi-orthogonal Hadamard matrix , denoted by
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Fig. 5. A zigzag hadamard (ZH) code (left) and a repeat zigzag hadamard code (right).

, in a binary form, i.e.,
and . Each Hadamard codeword carries

bits of information. In systematic encoding, the
bit indexes are used as information
bit positions of the length- Hadamard code. The other

bits are parity bits. Denote as a Hadamard
encoder. Then the Hadamard encoding can be represented by

, where is the resulting codeword.
Clearly, is a column of either or .

As shown in the left part of Fig. 5, a zigzag-Hadamard
code is specified by a simple zigzag graph with each segment
being a length- Hadamard code [17]. The data stream
is first segmented into blocks , where

. Then as shown in Fig. 5, for a
systematic ZH encoder, with the last parity bit of the pre-
vious coded Hadamard segment being the first input bit to the
Hadamard encoder for the current segment, the coded bits of
the th segment are obtained by the Hadamard encoder with

(47)

where the codeword , with
being the common bit that connects the current seg-

ment to the previous segment and forms the zigzag structure
being the systematic bits, and all

other bits being the parity bits. Denote
and let represent the parity bits, i.e.,

. The th coded bits segment is then de-
noted by a triplet, i.e., , and the
overall ZH code sequence is denoted by . Obvi-
ously, the above ZH code is a systematic code. We can also build
nonsystematic ZH codes [17]. The ZH codes can be decoded
with a low-complexity two-way Markov decoding process em-
ploying fast Hadamard transfer (FHT) and APP-FHT algorithms
for APP Hadamard decoding [17].

It is also shown in [17] that the systematic ZH codes with even
order and the nonsystematic ZH codes are weight recursive.
We then build RZH code with such recursive ZH codes as shown
in the right part of Fig. 5. An information block of length
is encoded by an outer repetition encoder into a codeword ,
which is permuted by an interleaver , and then encoded by an
inner recursive ZH encoder with removal of the systematic bits.
The final codeword consists of the information bits , the parity
bits and the connection bits from the inner systematic ZH

encoder. The repetition can be irregular. The resulting codes
are irregular RZH (IRZH) codes. Similar to LDPC-Hadamard
codes [18], we can optimize the repetition profile to obtain the
best capacity-approaching performance. We next briefly present
the decoding of RZH codes.

RZH Decoding: Denote and as the extrinsic
LLRs obtained from the repetition decoding and ZH decoding,
respectively, as the LLR for the information bit from
the channel. Define as the set of
the systematic bits in the ZH code which are the repetitions of
the information bit after the interleaver. The RZH code can be
decoded by iteratively performing the following two decoding
processes.

• Repetition decoding:

• ZH decoding: With the a priori LLRs of the systematic
bits of the ZH code, , the APP LLRs can be
obtained from the ZH decoding. The extrinsic LLRs of the
systematic bits are then given by .

2) PMP-IRZH Codes: Since the IRZH codes have similar
code structure to IRA codes, we can easily build a low-rate PMP
code using IRZH similarly to PMP-IRA codes as follows. We
first define the generator matrices of the Hadamard and ZH en-
coders. We consider systematic recursive ZH codes. The gener-
ator matrix of the systematic Hadamard codes with even order

can be written as

(48)

where is an vector with all entries being 1, repre-
senting a single parity-check (SPC) encoder, i.e.,
is a generator matrix for all parity bits,
i.e., . The generator matrix of ZH codes with
Hadamard segments is then given by

(49)

where is defined in (42), and
. We then obtain the generator

matrix of RZH codes with the interleaver length , given by

(50)
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where the binary matrix denotes the generator matrix
of the repetition code, i.e., , and

denotes the repetition time of information bit ; is the
permutation matrix.

We now construct a PMP code using IRZH code with the
generator matrix given in (50). Instead of using parity check
matrix, we represent the IRZH code by its code graph, . We
then separate , where the dimensions of
and are and , respectively, and separate

, where the dimensions of and are
and , respectively. The generator matrix

of the IRZH as a multiplexed code can be written as

(51)

The generator matrices of the component codes are then given,
respectively, by

(52)

which are also IRZH codes with the corresponding code graphs
and , respectively.

In a two-user MAC system, user employs IRZH code
for noncooperation, and the PMP-IRZH code, , with the
component codes being for cooperation. For the
first block, the receiver employs the iterative multiuser detec-
tion on the code graphs . If the cooperation is triggered, when
the receiver can successfully decode both messages at the first
block, it then performs the decoding on similarly for block

. When the receiver is only able to decode one
message at the first block, say , the receiver then decodes

and one code graphs and using the it-
erative decoding algorithm which is very similar to Algorithm 1.

C. Simulation Results

Fig. 6 illustrates the FER performance of the practical block
Markov coding schemes using IRA codes as a function of

for a 2-user MAC. We employ BPSK modulation and
the block length is 20000. The outage probabilities for the PMP
coding, superposition coding, and noncooperative MAC as a
function of are also shown in the same figure.
The PMP code of rate is built with IRA codes as
described in Section II-C. Therefore, the component codes
in the PMP code have the rate . The superposition
coding is also implemented with IRA codes of rate .
The ensemble profiles of the PMP-IRA codes for block Markov
multiplexed coding and IRA codes for block Markov super-
position coding are obtained from the IRA code optimization
for AWGN channels. In the the code optimization algorithm,
we set an additional constraint, the portion of degree-2 nodes

, to lower the error floor [26]. For the same purpose,
we use an S-random interleaver [27] in the IRA codes. In the
cooperation coding schemes, blocks are simulated
for one set of channel realizations. For noncooperative MAC,
since there is no block Markov coding, we set . For

Fig 6. FER performance of practical cooperation coding schemes using IRA
codes for a 2-user MAC. Transmission rate � � ���� with BPSK modulation,
information length � � � � ����, and � � �.

the superposition scheme, we set . It is seen from
Fig. 6 that the superposition coding scheme provides an 8-dB
gain over the noncooperative MAC at FER. The PMP
coding scheme offers a 2-dB gain over the superposition coding
schemes, i.e., a total 10-dB gain over noncooperative MAC.
There is a 2-dB gap between FER performance of PMP coding
and the low-power outage capacity simply because the rate of
the PMP codes is not very small, thus, the power
is not close to 0.

To more closely approach the outage capacity for cooperation
coding schemes in the low-power regime, we reduce the code
rate using the IRZH codes. The rate-0.05 PMP-IRZH codes are
built and employed in the block Markov multiplexed coding
scheme for 2-user cooperation. The component codes then have
the rate . The IRZH codes of are em-
ployed for the block Markov superposition scheme. The en-
semble profiles of the IRZH codes are obtained from IRZH
code optimization for the AWGN channel which is similar to
[18]. Similarly to IRA codes, we set and use S-random
interleaver to lower the error floor. Fig. 7 illustrates the FER
performance of the cooperation coding schemes using IRZH
codes. It is seen that at FER, the superposition coding of-
fers an 8.5-dB gain over noncooperative MAC, and the PMP
coding provides a 9.5-dB gain over noncooperative MAC. The
performance of PMP coding is now only 0.5 dB away from the
low-power outage capacity. Note that at , the PMP coding
exhibits an error floor.

V. CONCLUSION

In this paper, we have treated the design of cooperation
coding schemes in a 2-user MAC. In particular, we have
considered two block Markov coding schemes, namely, the
multiplexed coding and superposition coding schemes. Since
the FMP coding is difficult to implement with practical
error-correction codes, we introduced a PMP coding scheme,
and proposed the PMP code design using IRA codes and
low-rate IRZH codes. Both the multiplexed codes and the
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Fig. 7. FER performance of practical cooperation coding schemes using IRZH
codes for a 2-user MAC. Transmission rate� � �����with BPSK modulation,
information length � � � � ����, and � � �.

component codes of the resulting PMP codes have capacity ap-
proaching performance with low-complexity iterative decoder.
We also proposed a practical superposition coding scheme. The
outage analysis shows that all these schemes perform very close
to the lower bound of outage probability for cooperation, and
significantly outperform the noncooperative MAC. It is also
seen that the proposed simplified superposition coding performs
exactly the same as the original superposition coding scheme
in the low-power regime. Simulation results demonstrate that
the multiplexed coding with PMP-IRA codes for 2-user co-
operation with the transmission rate per user offers
a 2-dB gain over the optimal power allocated superposition
scheme at FER, and a 10-dB gain over the noncooperative
system. The multiplexed coding with PMP-IRZH codes and
the transmission rate provides a 1-dB gain over
superposition coding scheme at FER, and a 9.5-dB gain
over noncooperative MAC. Moreover, the PMP-IRZH coding
performs only 0.5 dB away from low-power outage capacity
curve for multiplexed coding when .

APPENDIX A
PROOF OF THEOREM 3.1

We first prove Lemma 3.1
Proof: Consider the cut-set with node 1 on one side, node 2

and the destination on the other side. Assume at first that
. Assume that the rates are within the deterministic capacity

region. We will argue that in that case node 2 is also able to
decode . The collector receives the signal

(A.1)

from which it, since rates are within the capacity region, is able
to decode with high probability. Now consider the alterna-
tive signal

(A.2)

With high probability by (3). A node with a genie,
knowing , therefore can also decode with high proba-
bility. Node 2 knows neither nor . However, knowing

and it can form (knowing and can only give larger
upper bound)

(A.3)

where is iid Gaussian noise with power
that node 2 generates and adds to the received signal. Consider
the alternative signal

(A.4)

and notice that and have the same distribution2.
We can now argue as follows. Since rates are within the ca-

pacity region, by assumption the collector can decode from
with high probability (for ). Since with

high probability, a genie-based node knowing can also de-
code with high probability (the cases where
will add slightly to the error probability, but this can be made
arbitrarily small). Since has the same distribution as ,
it is also possible to decode with high probability from .
Finally, since with high probability, it is also pos-
sible to decode with high probability from . Since node
2 knows , it follows that node 2 can also decode . Thus,
the deterministic capacity region must satisfy the constraint

(A.5)

Similarly, if we get the bound

(A.6)

These two give the first bound in (28). The second bound is the
other cutset, where node 2 is on one side, node 1 and the desti-
nation on the other. The last bound is the standard MAC cutset.
Theorem 3.1 now follows by taking limits as in Section III-A.

APPENDIX B
PROOF OF THEOREM 3.2

Proof: Let . We
consider two cases.

Case 1: . In this case, the users will not be able
to decode each other’s messages and the channel is a usual
noncooperative MAC. Thus the maximum achievable rate
is .
Case 2: . In this case, the two users cooperate.
Knowing the CSI and , the collector has two options

2The reason that we cannot conclude directly that ��� and ���� have the
same distribution is that in general ��� might depend on ��� .
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for decoding and it will choose the one that gives a larger
achievable rate.
• The collector jointly decodes and at the

end of first block. Knowing these two messages, it con-
tinues jointly decoding and at the end of
the second block and so on. This case is equivalent to a
noncooperative channel and thus the maximum achiev-
able rate is .

• At the end of first block, the collector first decodes the
message from the user with a stronger link. For example,
if , it first decodes at the end of block
1. At the end of block 2, it jointly decodes and

and so on. In this case, it is not difficult to show
that the maximum achievable rate is

(B.1)

The achievable rate for FMP is then

(B.2)

We now show that the maximum achievable rate meets the de-
code-forward scheme upper bound. To see this, we first consider
the case . Let

(B.3)

We have and . Note
, we then have . Evaluating the

term in (B.2), we always get
. Then we have

(B.4)

Similarly, if , we get ,
where . With these, we can
see that the maximum achievable rate meets the decode-forward
scheme upper bound.

APPENDIX C
PROOF OF LEMMA 3.2

Proof: We consider two cases.
Case 1. . The two users cannot cooperate and the
maximum achievable rate is then .
Case 2. . In this case, a user will decode the mes-
sages from the partner and forward it in the next block.

The receiver decodes both users’ messages using joint-typ-
icality decoding from the received signals in two consecu-
tive blocks, i.e., it jointly decodes and using

and after subtracting the known interference
from its already decoded messages. Since the same mes-
sage (needs to be decoded) from each user is encoded by
different codebooks in two consecutive blocks. So we can
view them as parallel channels. We then obtain individual
rate constraints

(C.1)

where the first term in and is the amount of informa-
tion obtained from and the second term is the amount
of information obtained from . Additionally, we
have the sum-rate constraint

(C.2)

In summary, if , then , and if
. Since is not necessarily larger

than , then the achievable rate region is the union of two sets
.

APPENDIX D
PROOF OF THEOREM 3.3

Proof: Although the achievable rate region is not con-
nected, in the low power regime when , the upper
bounds of two subsets are increasing functions of for any
channel realizations. When , we have

(D.1)

(D.2)

It is easy to see that for any , we have .
Thus the achievable rate region is connected in the limit and the
achievable rate satisfies

(D.3)

where . The outage rate for a given
outage probability is then given by

(D.4)

The minimum is then given by (35).

APPENDIX E
PROOF OF LEMMA 3.3

Proof: If two users cannot decode each other, i.e.,
, the system operates in noncooperation mode with

achievable rate given by .
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When the users are in cooperation, i.e., , the
receiver first tries to decode both users’ messages,
and , from received signals in the th and the
th block. To make this decoding scheme successful, we have

the rate constraints

(E.1)

(E.2)

Therefore, we have . If the receiver can only decode
one message, assuming has been decoded, we then
let user 1 help user 2. Thus, at the end of the th block, the
receiver jointly decodes and , from the received
signal in block , and , as shown in Table II. We
then have

(E.3)

(E.4)

(E.5)

Considering the fact that and the second term of the
right-hand side (RHS) of (E.4) is a nonnegative number, the
second constraint are looser than the third one. Thus (E.4) can be
discarded. By combining the above constraints, we then obtain

the achievable rate for this cooperation scheme given by
, where is given in (37). Similarly, we can obtain

for the case that user 2 helps user 1, where is given in (38).
For PMP coding in cooperation mode, we then have

(E.6)

We then obtain the achievable rate of PMP coding for 2-user
MAC as in (36).

APPENDIX F
PROOF OF LEMMA 3.4

Proof: When , we have . When
, the system can be viewed as a 2-user SIMO system with

the equivalent channel matrix with transmit power given by

with the noise covariance matrix given in (19). The capacity
region is then given by

(F.1)

Combining the above constraints, we have

(F.2)

We then obtain the achievable rate region as in (40).
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