ON-LINE BLIND SOURCE EXTRACTION: A LINEAR ARMA MODEL APPROACH
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ABSTRACT

An on-line adaptive algorithm for blind source extraction
(BSE) within the framework of second order statistics is
presented. Given that most real-world signals can be mod-
elled by autoregressive moving average (ARMA) models,
we derive an adaptive blind source extraction (ABSE)
algorithmbased on the assumption that a source signal to be
extracted can be modelled by a stable linear ARMA model.
This is achieved in the gradient descent setting. Simulation
results obtained from mixtures containing a stable ARMA
source signal illustrate the validity and effectiveness of the
proposed algorithm.

1. INTRODUCTION

Blind source extraction (BSE) represents an alternative ap-
proach to blind source separation (BSS) for extracting sig-
nals from their mixture. More specifically, BSE aims at
extracting a specific signal or a specific subset of signals
sequentially one by one, rather than separating all of them
simultaneously as in the case of BSS. Many of the exist-
ing algorithms related to this problem are based on higher
order statistics (HOS) of signals, which prevents most of
them from being used in on-line applications. To over-
come this limitation, we resort ourselves to exploiting some
a priori knowledge about signals, such as their correlate-
ness, smoothness and predictability. In [1, 2, 3] and [4],
on-line algorithms are derived based on the only assump-
tion that source signals can be modelled by linear autore-
gressive (AR) models whereas in [5], to deal with nonlin-
earity of source signals, on-line algorithms are developed
for source signals that can be modelled by nonlinear autore-
gressive (NAR) models. However, for practical purposes,
the most general class of linear models is the autoregressive
moving average (ARMA) models, which have been over
the last five decades considered as one of the most power-
ful tools for modelling and understanding physical process
whose generating mechanism cannot be explicitly known.
In addition, such linear ARMA models have also been used
extensively in the field of biomedical engineering to repre-
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sent the dynamics of both physiological systems and physi-
ological data such as brain potentials [6] and heart rates [7].
In this paper, we extend the assumption from [4] that source
signal can be modelled by AR models to a more general
ARMA models and employ a gradient descent based ap-
proach to derive an on-line adaptive algorithm for blind ex-
traction of such source signals.

2. PROBLEM FORMULATION

2.1. Instantaneous Mixing Process

To formulate a mathematical model of general instantaneous
mixing processes, we consider M observed signals 1 (k),
x2(k), ...,z (k), which are a linear combination of N un-
known source signals s (k), s2(k), - . ., snv(k), of which, at
least one can be modelled by a stable ARMA model. This
process can be described as

N
ml(k):Zh”(S](k) for 1=1,2,....M
j=1

or in the matrix notation
x(k) = Hs(k)

where x(k) = [z1(k), z2(k), ... ,mM(k)]T, s(k) = [s1(k),
s2(k),...,sn(k)]", His an M xN unknown mixing ma-
trix with M > N and the superscript 7' denotes transposi-
tion. Note that our only assumption about the source signal
is that it can be modelled by an ARMA model and this as-
sumption is used throughout this work.

2.2. Prewhitening Process

To reduce the number of parameters being estimated and
to simplify the BSE problem, the observed signals are first
decorrelated by a prewhitening process, that is

x1(k) = Qx(k)



where x; (k) = [11 (k), 212(k), . . .,z v (k)]" and Q is an
NxM prewhitening matrix that linearly transforms x(k)
into its prewhitened version x; (k). Consequently, the cor-
relation matrix of x; (k) becomes an N x N identity matrix.
This process, in general, is achieved by principal component
analysis (PCA). A class of PCA algorithms and their appli-
cations have been extensively exemplified and discussed in

8].

3. LINEAR ARMA MODELSAND THEIR
OPTIMAL ESTIMATORS

Before proceeding to the derivation of the algorithm in the
next section, we briefly review a class of linear ARMA mod-
els and their optimal estimators since they are used in both
our assumption about the source signal and the derivation of
the algorithm. Detailed discussion of these models can be
found in [9] and [10].

It is well known that the most flexible class of linear mod-
els for modelling of stationary source signals is the class of
ARMA (U, V') models, which is defined by the difference
equation

U 14
§i(k) = > dusj(k—u) = 0,7 (k —v) +7;(k)

forany j €[1,2,---,N] (1)

where §;(k) = sj(k) — E [s;(k)], v, (k) is white Gaussian
noise with zero mean and constant variance and E [-] de-
notes the statistical expectation operator. We can express
this equation in a more convenient form using backward—
shift operator B* as

¢(B)sj(k) = 0(B)y,(k) @3]
where ¢(B) = 1— ¢ B—¢2B?>—---— ¢y BY and §(B) =
1—6,B—-6,B?>—-.-—6yBY.

Given the source signal in Eg. (1), it can be shown that
the optimal estimator approximately given by the recursive
stochastic algorithm is

U 14
5i(k) = Z ay$j(k —u) — vaéj(k —v) ()
u=1 v=1

where 5;(k) is an estimate of 5;(k) and é;(k —v) = §;(k —
v) — §j(k —v) forv = 1,2,...,V. Itis worth mention-
ing here that autoregressive (AR (U)) and moving average
(MA (V)) can be classified as members of the family of the
ARMA model.

> (k)

r—>¢,(k)

Fig. 1. Blind source extraction structure.

4. DERIVATION OF THE ALGORITHM

With the prewhitened signals x; (k) acting as an input, we
use a BSE structure shown in Fig. 1 to extract one of the
source signals. This structure consists of two subsections:

o A linear neural network with a coefficient vector w; =
[wi1 (), w12 (k), ..., win(k)]" performs extraction
of source signals to provide an extracted signal y .

¢ An infinite impulse response (1IR) filter with a coeffi-
cient vector W= [a11 (k), ais (k), . alU(k‘), bi1 (k‘),
bia(k), ...,byy(k)]" performs linear modelling of
the extracted signal y;. In other words, this IR filter
is used as an optimal estimator for the signal y,. The
details about IR filters are presented in [11] and [12].

Both of these operations are performed simultaneously.
Therefore, they can be used to extract a source signal that
can be modelled by ARMA models. The estimate of y; by
an 1IR filter is naturally accompanied by an instantaneous
error, which is defined by the difference

ei(k) = wyi(k)— (k) 4)

where y, (k) = wl(k)x;(k), §1(k) = WT (k)u,(k) and
ul(k) = [yl(k - 1)7y1(k - 2)7 . ‘7y1(k - U)7el(k - 1)7
er(k—2),...,e1(k = V)]". To recover, in other words,

1The backward-shift operator B is defined by Bi(k) = 5(k — 1);
Hence, BY 5(k) = 3(k — U).



to extract an original source signal except for its sign and
amplitude, we minimise the cost function

Tk = SE[EH)] ©
subject to the constraint ||wy (k)| = ¢, where ||-|| denotes
the Euclidean norm and ¢ is a positive scaling constant.

Following the derivation of the on-line algorithm proposed
in [1, 2] and [4], we devise an on-line algorithm by us-
ing an estimate of the gradient vectors i.e. V,.J(k) and
Vw, J (k). Accordingly, adjustments to the coefficient vec-
tors w; and wy can be written in the vector notation as

Awl (k) = _MW1YW1 J(k) = ~Hw,€1 (k)VW1 €1 (k) (6)

Awy (k) = VV"ll J(k) = —Uw, €1 (k)v‘fh €1 (k)
where uw, and uw, denote the corresponding learning rate
of the coefficient vectors w, and w1, respectively. Thus, we
can compute the updated values of the coefficient vectors by
using the following recursive relation

wi(k+1) = wi(k) — pw, e (k)X (k) %
wi(k+1) = wi(k)+ pw,er(k)u(k)
where
%1(k) =x1(k) =202, aru(k)x1(k — w)+ 30, bio (k)x1 (k — v)
iy (k) = a1 (k)+ 320 brofis (k —v)

The algorithm described by Egs. (4) - (7) is referred to as the
adaptive blind source extraction (ABSE (U, V)) algorithm.
Notice that the on-line algorithms in [1, 2] and [4] are a
special case of this more general ABSE algorithm.

5. SSIMULATION RESULTS - A STATISTICAL
STUDY

Notice, from the previous section, that the ABSE algorithm
is derived by using the assumption about source signals be-
ing modelled by linear ARMA models. That is to say, unless
the signal is i.i.d. (independent, identically distributed), the
proposed algorithm will be able to extract the signal of in-
terest. The conditions under which this is done are that the
source signal is required to be generated by a stable linear
process and the dimension of the coefficient vector W is
appropriately chosen. In this section, we examine the pro-
posed ABSE algorithm on stationary source signals. The
algorithm was tested by averaging 1000 trials of indepen-
dent simulations on the following stable source signals:

AR (2 0.23s1(k —1) — 0.4651 (k — 2) 4+ 71 (k)

MA (2) —0.3971(k — 1) 4+ 0.5071 (k — 2) + 71 (k)

ARMA (4,4)= —0.24s1(k —1) — 0.3551(k — 2) + 0.0651 (k — 3)—
0.12s1(k —4) 4+ 0.50y1(k — 1) + 0.11~1 (k — 2)—
0.1971(k — 3) + 0.06v1(k — 4) + 71 (k)

All source signals were distributed with zero mean and unit
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Fig. 2. Mean performance indices (PIs) of the ABSE (2,0)
and ABSE (1,0) obtained from the AR (2) signal and other
two white Gaussian noise signals.
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Fig. 3. Mean performance indices (PIs) of the ABSE (0,2)
and ABSE (0,1) obtained from the MA (2) signal and other
two white Gaussian noise signals.

variance. Before performing the prewhitening process, we
mixed each source signal and other two white Gaussian noise
signals? through a randomly chosen mixing matrix

012 -045 -0.13
H=| -034 -0.08 —-0.89
039 0.69 -0.88

The learning rates uw, and uw, were equally set to 0.01.
According to the constraint on the coefficient vector wy, its
Euclidean norm is kept constant and equal to unity through-
out the simulations. The initial condition for w; was chosen
from a standard Gaussian distribution and was normalised
to have ||wq(k)|| = 1. Similarly, the vector w; was also
chosen from a standard Gaussian distribution but scaled by
0.05.

2|t is the fact that white Gaussian noise is an i.i.d. signal.
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Fig. 4. Mean performance indices (PIs) of the ABSE (2,2)
and ABSE (2,4) obtained from the ARMA (2,2) signal and
other two white Gaussian noise signals.

A comparison was made between a variety of estimators,
both finite impulse response (FIR) and IIR filters, by means
of an ensemble average of the performance index (PI) or
mean P13,

Fig. 2 shows the mean Pls obtained from the mixtures of
the AR (2) source signal and two white Gaussian noise sig-
nals. It can be seen that the ABSE (1,0) algorithm, which
employs a sub-optimal estimator exhibits a worse perfor-
mance when compared to the ABSE (2,0), which employs
an optimal estimator given by Eq.(3). The mean Pls ob-
tained from the mixtures of the MA(2) source signal and
two white Gaussian noise signals, similar to those obtained
for the AR (2) signal, is shown in Fig. 3. These two re-
sults confirm that the ABSE algorithm with a sufficient or-
der of the ARMA estimator can successfully extract ARMA
source signals. Fig. 4 shows the mean Pls obtained from the
case of ARMA (2,2) signal. Here, a super-optimal estimator
used in the ABSE (2,4) algorithm performs better in recov-
ering the source signal at the expense of higher computa-
tional complexity compared to the ABSE (2,2) algorithm
which employs an optimal estimator for the ARMA (2,2)
signal. Another important point that can be observed from
this result is that, although an optimal estimator used in the
ABSE algorithm can, to a certain extent, model the source
signals, a super-optimal estimator can provide a faster con-
vergence. This is due to the fact that, at the beginning of the
adaptation process, the input of the estimator is a signal that

3The performance index (PI) is defined by Cichocki et al. in [1] as

follows
M 52
1 (k
PI(k) = — (Zeg—() - 1)
M \i=l e*1:(k)
where &1(k) = wl(k)QH = [é11(k),é12(k),...,é1n(K)] and
e*1;(k) is the maximum absolute value of é1;(k) fori = 1,2,..., M.

According to this definition, the better the quality of the extracted signal
y1 compared to its original source signal, the smaller the value of PI.

is corrupted by the other source signals rather than a pure
source signal. However, after the algorithm converges, both
the super-optimal estimator and optimal estimator have the
same performance for signal extraction.

6. CONCLUSIONS

We have derived an on-line adaptive blind source extrac-
tion algorithm in the gradient descent setting. The assump-
tion used in the derivation of this algorithm is that a source
signal can be represented by ARMA models. This makes
the algorithm suitable for extracting any signal, that can be
modelled by ARMA models, from a mixture of sources. To
illustrate the behavior and performance of the proposed al-
gorithm, 1000 trials of independent simulations have been
undertaken and averaged on a simple BSE problem, which
is the mixture of an ARMA source signal and two i.i.d. sig-
nals. The results have shown that the proposed ABSE algo-
rithm can successfully extract source signals generated by a
class of stable linear ARMA processes.
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